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COMMENTS ON THE ASSUMPTION OF NORMALITY INVOLVED

IN THE USE OF SOME SIMPLE STATISTICAL TECHNIQUES

by E.S. PEARSON

University College London

1. Introduction.

Statistical text books and manuals providing guidance for the user of

statistical techniques in industrial quality control are accustomed to warn

their readers that certain methods of analysis and inference should only be

used if the distributions of the observed variables are normal or approximately

normal. While writers on theoretical statistics have for many years devoted

a good deal of attention to the problem of the so-called robustness of the

more important statistical techniques, the results of these investigations do

no so far seem to have been presented in a way which helps the user to

form his own judgement on the risk he is taking in assuming normality

in variation. The difficulty in simple presentation of the position is certainly

considerable, for three elements enter into the problem:

(a) the form of departure from normality in the parent population

sampled ;

(b) the size of sample;

(c) the amount of error in a supposed significance level or confidence

limit that the user is prepared to tolerate.

The following paper forms part of a memorandum which the author

prepared recently for an International Standards Organisation Working Group

on «The application of statistical techniques - Presentation of data». It

suggests one line of approach to this difficult problem.

2. Relation between robustness of tests and the form of distribution

of the sampled population.

In what follows it is proposed to discuss what has been termed the

« robustness » or «sensitivity to departure from normality » of the statistics

wa ta and xq commonly used in drawing inferences in terms of probability
on the basis of a single sample of » observations. We have particularly

in mind the accuracy involved in the determination of, say, 100 (1 — a)%
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upper confidence limits for an unknown meanand standard deviation through

statements such as* :

Xx KK + Mya o/Vn (1)

X <a + hee s/n (2)

o < VES — %)?}/xe (3)

where ~ is an N(0,1) variable, ¢ follows Student’s distribution with

v = m—1 degree of freedom and y? follows the chi-squared distribution,

again with y = n—1.

Experience has shown that the shapes of univariate frequency distribu-

tions may be very effectively classified in terms of the two moment ratios

VBi = 1 = sO, Ye = Be — 3 = ps/o* — 3,

In Table 1 are given the values of these momentratios calculated for

a variety of data, drawn from industrial sources, which the writer has

collected over a number of years. The fifteen points with co-ordinates (6, ,

B2) are plotted as open circles in figure 1. The square of y, = V/A;

ie. y,° = B, is used as co-ordinate because on this scaling certain important

division lines in the field are represented exactly or approximately by straight

lines. Although in the majority of cases several hundreds of observations,

N, were available, it will be realised that the values of 8, and B, are

subject to vatying amounts of sampling error.

 

While a number of the points cluster round the normal or Gaussian

point for which 8; = 0, B, = 3, we needstill to ask in other cases what

would be the error involved, for various sample sizes, if confidence limits

derived from equations (1), (2) and (3) above were applied to samples from

populations having the more divergent (8, , Bz) points.

Approached in this way, the solution of the problem could be handled

in two stages:

(a) The association of the (8;, 2) point of the population sampled

with the percentage errors involved in using the « normal theory »

factors in equations (1), (2) and (3).

(b) An identification by the user of the values of 8,, ®2 for the data

from which he is sampling.

* Here mp, ty, x» are values of each variable corresponding to a cumulative proba-
bility P.
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Before considering (a) which is a problem in statistical sampling theory,

a few comments on (b) are needed. If only a few measurements areavailable,

perhaps only 10, 50 or even 100, it will be impossible to obtain a reliable

estimate of the 8,, @2 values for the sampled population, although asym-

metry can often be detected visually. Here the graphical method may be

very helpful in determining whether a transformation — e.g. by taking

log x, or \/x — will bring the data closer to symmetry.

Sometimes, however, it will have been possible to accumulate from past

experience a considerable number of similar data. In this case, the calcula-

tion of the moment ratios of the frequency distribution presents little dif-

ficulty if appropriate mechanical equipment is available. For example, if

the necessary programme card has been prepared, and the frequencies of a

grouped distribution are fed successively by hand into an Olivetti Programma

101, the values of \/f, and 8, will be rapidly turned out and printed, the

whole operation taking less than 5 minutes.

Consider now the theoretical problem involved in handling the stage

(a) of the preceding paragraph. If we can determine the first four moments

of the distributions of w, ¢ and slo for samples of size » from any specified

non-normal population, experience suggests that we could make a very good

approximation to the percentage points of their sampling distributions. For

example, we could assume that the distributions of these statistics are appro-

ximately represented by one of Karl Pearson’s system of frequency curves

having the correct first four moments, and hence obtain estimates of certain

petcentage points of their distributions by using the tables of Johnson et al

(1963) which were prepared for use in just this kind of approximative pro-

cedure. As a result, we could get a rough idea of the errors involved in

using the « normal theory » factors in determining confidence limits, given

the population B, and g,.

For z, the problem is straightforward; in fact if B,, B, are the betas

for a mean and £,, 6, the population values, then

B, = B,/n, B, — 3 = (82 — 3)/n.

For (5/0)? the B’s can be calculated exactly, (see e.g. Kendall & Stuart, 1958,

§ 12.16) but depend on the 5‘, 6and 8'* moments or cumulants in the

sampled population as well as on the 24, 34 and 4'*, In the case of ¢

the problem is more difficult; the values of B, (#), B, (¢) have been expressed

in terms of series expansions of the population moments or cumulants (see

e.g. Geary, 1947, p. 214), but these series will generally not be convergent,
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even for moderate values of the sample size, m. For this reason it seems

likely that the only solution lies in Monte Carlo methods.

An extensive study of this kind into the behaviour of the /-distribution

in samples from non-normal populations is being carried out by Fridshal

& Posten at the University of Connecticut (Report No. 23 of Department

of Statistics, 1966). In the meantime some very relevant and instructive

results can be derived from a publication by Harter & Dubey (1967), which

contains tables of percentage points for #, ¢ and v = S?/o* for samples

from Weibull distributions. These results are discussed in the following

section. For ¢ and v the Harter & Dubey tables were based on smoothed,

Monte Carlo results.

3. Distribution of u, t and (s/c)? for Weibull distributions.

The Weibull distribution of a random variable, x, is defined by the

probability density distribution

M X—A m4 x—a
fa) = 5g) Se {= ¢ 5

m.

yo 8 V a (4)

A useful property of this distribution is that its probability integral or

distribution function assumes the form

Xi @ oaFO) = [fl de =1— opC5, 6)

the value of which may be readily obtained from tables of the negative

exponential function.

The Shape of the Weibull distribution depends only on the parameter

m. Values of the moments and moment ratios of the distribution for

m = 1.1(.1) 10.0 are given in the Harter & Dubey Report. For m > 3.6,

the distribution has negative skewness with longer tail to the left. But if

we plot the values of B, = y,° and B, we get points on the two branches

of the curve shown in figure 1. The region in the diagram in which these

curves lie is that associated with the Type I or beta distributions of Karl

Pearson’s system of frequency curves,

IN x IN BRf(x) = {Be pyr wt (L — xp, 0 (6)
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That there is likely to be very little difference from the practical point of

view between the shapes of the curves of types (4) and (6) which have the

same values of the parameters B, and f, is suggested by the comparison

made in Table 2. This shows for each system and for a selection of values

of the parameters, m, of equation (4), the standardised distances from the

mean to the lower and upper 5, and 1 per cent points. It is suggested that

any conclusions drawn from Harter’s Weibull results regarding the distribu-
tions of , ¢ and (s/c)* will, broadly speaking, be applicable to samples from

other unimodal distributions having similar values of , and B,.

Tables 3, 4 and 5 show for 10 different Weibull distributions the

percentage errors involved in using the standard «normal theory » factors

for w, ¢ and y?/v instead of the correct values as tabled by Harter & Dubey.

The figures in the columns headed «'% error» are the ratios:

100 {per cent point tabled by Harter — normal theory value}

+ normal theory value.

For example, in a sample of » = 10 the upper 5 per cent value for ¢ on

«normal theory » is 1.833, while for a Weibull distribution with m = 1.9,

(Bi = 0.492, B, = 3.384) it is 1.62. The «'% error» is therefore taken as

100 {1.62 — 1.833}/1.833 = —12.

For m = 4.9, 5.5, 6.9, 8.2 and 10.0, where the Weibull distributions are

negatively skew, the upper and lower per cent points have been reversed

so that errors in the factors for distributions on the two branches of the

Weibull line shown in figure 1 may be compared. The following are some

of the main points which emerge from a study of the tables.

The case of u; Tables 3.4 and b.

(i) Errors associated with the corresponding lower and upper percent

points are remarkably similar. As both have the same positive sign (for

positive skewness in the parent population) the result is that the width of

the confidence interval derived from the pair of limits

K xb 2.326 of/n or =F & 1.645 ofVn

will be almost the same as for the limits given by Harter & Dubey, but

there is a shift in the positive direction.

(ii) For a given population 8, value, the errors on the two branches

of the Weibull line are nearly the same.
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(iii) If we are satisfied when the true w-factor differs not more than

5% in value from the «normal theory» value, then this limit of error

is scarcely exceeded throughout the whole range of Tables 3a and b for

samples of » = 15 or more. For » = 10, this limit is only just passed

when 6, = 0.30.

While these results can be regarded as very satisfactory, the case where

« is known is less important than that in which « must be estimated by the

sample s, and the factor ¢, has to be used.

The case of t; Tables 44 and b.

The situation illustrated in these tables is very different.

(i) The errors are now in the opposite sense, as the distribution of ¢

is negatively skew.

(ii) While there is some correspondence between the upper and lower

5 percent point errors, those for the lower 1 percent points are considerably

greater than for the upper 1 percent point. Take, for example, the 98 percent

confidence interval for @ = 0.01 and for samples of 5 from a Weibull

population with m = 2.3, (8; = 0.207, B2 = 2.966). « Normal theory »

suggests that the width of interval is

2 X 3.747 X 5fV5 = 7.49 s[V55

but the true value is

(4.67 + 3.37) s[V5 = 8.04 5[V5-

(iii) At what magnitude the errors involved in using the « normal

theory » ¢-factors becomes serious is, of course, a matter of opinion, but in

the majority of cases illustrated they are more, and often very much more,

than 5 percent.

The case of (s[o)? = x*/v; Tables 5a and b.

(i) From the confidence interval point of view we are concerned with

errors in \/v/xa, expressed as a percentage of the «normal theory » value ;

these errors will be roughly one-half of those for y,°/v which have been

tabled. The position disclosed is therefore, perhaps, unexpectedly satis-

factory; on the upper branch of the Weibull line errors of 10% in x’/v

(or 5% in y/v/x) have not been reached when 8, is as large as 0.492.

It is certain, however, that the position will deteriorate for populations with
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betas lying in the area below (in the sense of figure 1) the gamma or Type

Ill line. This effect is in fact showing itself when we notice that for a

distribution with m = 10.0 (8, = 0.407, 8, = 3.570) the errors are larger

than for one with m = 1.7 (8, = 0.748, B, = 3.772).

(ii) The errors for the lower and upper limits are now of opposite

sign. As a result for 8, < 0.1 the true confidence limits are a little nearer

together than those given by the usual ,? factors, and they are further apart

for B, > 0.2.

4. General comment.

The information provided in Tables 3-5 is admittedly limited and to

complete the picture similar comparisons are needed for samples from

populations whose beta values lie well outside what may be termed the

Weibull area. If we consider the distributions given in Table 1 for which

the (8,, 82) points are plotted in figure 1, the following seems to be the

position :

Distributions 1-4. «Normal theroy » should certainly hold good.

Distributions 5-8. The results for the Weibull distributions suggest

that no very serious errors would follow in the cases using the « normal

theory » factors.

Distributions 9 and 10. Tables 4a and b suggest the kind of errors

involved in using the «normal theory» ¢ values. The errors for w and

(s/o)? will be small, since B, ~ 0.20.

Distribution 11 is a symmetrical, flat topped or platykurtic one, and

for this type of population more information seems needed.

Distributions 12 and 13. An idea of what happens for these two rather

asymmetrical distributions is provided by the Weibull distribution results

for m = 1.7, B, = 0.748.

Distributions 14 and 15. More information is certainly needed in the

case of these leptokurtic distributions, indeed for populations with B,, Bs

points in the area below the gamma line. It is likely that for distribution

14, a logarithmic transformation would bring the variable close to normality.

Since this paper was originally drafted, the author has been following

up the line of approach suggested in section 2 above, in regard to the
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distribution of (s/c). Although the computations planned have not yet

been completed, it seems that it will be possible to draw rough contours in

the population (8;, 82) plane, appropriate for certain specified sample sizes,

within which the percentage error involved in using confidence limits for

« based on the y-distribution is less than a specified amount, say 5 or 10%.

The main population distributions used will be represented by Pearson

curves, but in certain cases a comparison is being made between results for

a Pearson Type I [as in equation (6)} and a Weibull distribution [equation

(4)| having the same values of (8,, 82). The problem in regard to Student's

t is less amenable to this procedure asit is clear, for example, that for samples

of size n = 10, the expansions for the moments of #, as far as they have

been taken, do not converge.
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