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Abstract

A system of n communication centres C; (i = 1,2,...,m) is considered. The commu-

nication centres are to be located at a set of n prespecified positions i (it = 1,2,...,n)

lying in sequence on a linear network. Each communication centre C; transmits messages

to every other centre C; at a rate of t;; messages per unit of time (t;; = 0,Vi). The

messages that centre C; transmits to centre C; are sensed by all intermediate centres.

In this paper a branch-and-bound method is introduced dealing with the following

minimax assignment problem :

minimise (max; tg(;) : @ € A)

where A represents the set of all possible assignmentsof positions 7 to centres Cq(;). The

term tq(;) represents thetraffic at 1 which is defined as the number of messages compiled

by the centre C4;;) (at 7) per unit of time,all inward and outward messages(at i) included.

Based on numerical experience, a comparative analysis of the minimax assignment

problem andtheclassical minisum Quadratic Assignment Problem (QAP) is performed.
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1. INTRODUCTION

A system of n centres C, (u=1,2,...,n) called users, are to be placed at a set

on n prespecified positions i, i=1,2,...,n lying in sequence on a linear "network"

as shownin figure 1. Each user C, generates traffic (messages) for every other

user C, (v=1,2,...,n / vu) at a fixed rate of t,, messages perunit of time (t,,=0).

The messagesthat the user at position i transmits to the user at j are sensed byall

intermediate users.

1 2 . . . n : positions

a x
Cay Coa) Cyn x : users

FIGURE 1. The Linear Network

Weconsider, next, an assignment a of position i to user a{i), i=1,2,...,n.

Thetraffic intensity t,,, at i is defined as the number of messages sensed by

the user C,,, at i (per unit of time) with all inward and outward messages(ati)

being included. Let C,,, be the user to whom position i is assigned. Then, the

traffic intensity t,, at i is given by:

(1) tay = Lor Weiser (tecuew+ tamata) +2j= 1(tewaw + tavern)

Note at this point that the first group of summation terms represents the

"passthrough"traffic whereas the second group represents the “inward-outward"

traffic.

Setting, next, T;=t,+t, Vij, it is immediate that:

(2) Ty=T) Vij

Dueto relation (2) relation (1) can be written:

 



(3) te= Dor Beind Tetoew + Bint Tatiag)

The key quantity in the problem is the maximumtraffic position i* defined

as follows:

(4) tee = MAX; ta

In this paper we develop a branch-boundalgorithm for the minimization of

the maximum traffic of the system. Formally the problem can be stated as follows:

(5) minimizeaa ta= teye)

whereA is the set of all possible assignments of the users to the positions of the

network. The above formulation will be called thereon "minimax" problem.

lt is apparent that the classic Quadratic assignment problem (QAP) model

can be applied to problems where the total and not the maximumtraffic is to be

minimized. That is QAP “minisum" model could solve problem:

(5a) minimize, S,= 2". tag

The methodological and theoretical background of QAPis already rich (Finke

et al (1987)}. On the other hand, the optimal solutions that QAP algorithms can

provide for (Sa) could not guarantee that the maximum traffic is adequately low.

Thus QAP can not be applied to problems where social or economiccriteria are

used bounding maximum "nuisance" or "load" exerted on the users of the system

(Stallings (1984}). A typical application arises when a single elevatoris to be

replaced by two elevators, each covering continuous subsets offloors. It might be

reasonable to site the connecting landing so as to minimize thetraffic intensity on

the busier elevator (Boffey and Karkazis (1989)).

More specifically , if {1,2,...,i} and {i,i+1,...,n} are the floors served by the

first and second elevator respectively and t, represents the traffic intensity from i

 



to j floor (e.g. it may represent the numberof people expected to travel from floor

i to floor j during a given period of time) then the above problem can bestated

formally as follows:

(Sb) min, max{T,,TZ}, T= EByerttade T= Feedyerltut tad

whereT,', T;? expresses thetraffic load of elevator 1, 2 respectively. The above

formulation can be immediately generalized for the general case of n elevators.

The problem that will be tackled in this paper is a discrete one in the sense

that centres or users occupydiscrete positions in the linear network. Boffey and

Karkazis (1989) proposed and analyzed a continuous version of problem (5). The

problem regarded placing of bridges to alleviate congestion in a heavily loaded

local-area computer network. They suggested that the generalization to that of

placing (transfer) centres in a situation in which demandis arrangedlinearly may

also be profitable. They focusedtheir attention to modelsin which demandis

proportional that is, per unit of time the average traffic from users in the interval

(x,x + dx) to users in the interval (y,y+dy) of the linear network is p*dxdy provided

the twointervals are disjoint (p is a constant expressing the demand rate per unit

of time and unit of interval length). ,

2. SOME THEORETICAL RESULTS

Set tur= Mina te N={1,2,....n} and N,={1,2,...,k}, k¢n and consider a

partial assignment:

(6) position i ------------------- > user C,,(i}, ieN,

Denote by Afa,] the set of all assignments (of the set N ontoitself}

satisfying the following condition:

(6a) V xéAfa,] Xx -----------------+-- > x(i)= a,(i), teN,

 



Given the set A[a,] we determine lowerboundsfor the quantity:

(7) tara) = MIM,caren) b

Note that quantity t,,,, represents the optimal value of the node (sub-

problem) of the branch-bound process associated with the set N, of the pre-

assigned positions and partial assignment a,.

Let N,= N-N,, S,={a,(1),a,(2),...,a(k)} and 5, =N-S,. .

Given, now, some assignment xeA[a,], relation (4) can be written as follows:

(8) tiny = MAx{MAXink bee MAXie teat

and due to (6a):

(9) ten) = MAX{MAXnk tate MAXcibay

Set, next,

(9a) A.= MAXienx ta, Be= MAXeax tei

From (3) and (9) we get:

A. = Maxey(2a1 (2nia) Takutakay teaseet Takgaxtay)

+25) 25 Taeiany + 2ascet Tanipxunl

B= Maxiilenr Cacies Takuixay teects easiest Txunxuy

+221 Tounety +evecet Txuxcil

Set, now,

 



AX= MaxudA’nt Axe tAintAxet where

(10a) An =rs 22141 Takwiex) (completely determined “passthroughi traffic")

(10b) Ai= oes Dekat T akuixuy (Partially determined “passthrough traffic")

(10c) A‘. =Z*12; Texiieku) (completely determined “outward traffic")

(10d) Axe 2"ek+1 Teeixu) (Partially determined "outwardtraffic")

and

B=Maxi(Brot + Brg + Biot + Biacot) Where

(11a) Biot = Des 2yni41 Toegaxuy (partially determined “passthroughtraffic")

(11b) Bho = Deca yeiat Twix) (Non-determined “passthroughtraffic")

(11¢)  Bioe= 2121 Teuayeq (partially determined “outward traffic")

(11d) Bicot = ney Deut ({non-determined “outward traffic")

Given the above terminology we get the following results:

RESULT 1. A‘, is totally knownsince

(12) Ait = Tat Luede Taken

PROOF. Immediate consequenceof the inner summation of A’,,, over all non-

assigned users (set S,).
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RESULT 2. Av,,, is totally known since

(13) A\por = aed Tokina

PROOF.Asin result 1.

RESULT 3.

(14) Bie 2 Zar Klay)

where K’,(a,): wes, are the elements of the set {K,[a,]: weS,} ordered in

increasing magnitude and K,[aJ=2",21 Taxwiw : wed,.

PROOF. Since we have uncertainty over the user assigned to position i we select

the one (among the unassigned) associated with the least passthroughtraffic. The

passthrough traffic will comprise the traffic sent by assigned users (positions

1,2,...,k) to unassigned users at positions {i+1,...,n} that is, it is the traffic

directed to n-i users. To each one unassigned userat j (jeN,) traffic T, from

assigned users is calculated and the smallest n-i T; are summed upto give a

lowerbound.

RESULT 4.

i Ntrans “
B xxpt 2 z wat K w

where ntrans =(n-i)@

i-k if i>k+1

and g=

O if igk+1

Note that ntrans is the number of message transactions among non-assigned users

that pass through position i and K’,, A,yeS, (A-#p) are the elements of the set

K,,= Ty, A ped, (A+ yz) ordered in increasing magnitude.

11

 



PROOF.It is immediate from relation (11b) that Bi,,,, consists of (n-i)p terms. Since

we have uncertainty both over the user assigned to position i and over the source

and destination of the "passthroughtraffic" (case of non-determined “passthrough

traffic") we sum upthe (n-i)@ smallest elements of the set K,,=T,, A,neS, (Ay) in

order to get a lowerbound for quantity B'xxpt*

RESULT 5.

Biot > Ming. ey Tauiw

PROOF. Immediate.

RESULT 6.

Bxot 2 MiNwed Lyedk Taw

PROOF. Immediate.

As an immediate consequence of the above results we get the following:

(15) A. = MaXienx [Ain +ay Diese Taw t Ao + ye Taxi
_”

completely determined (see results 1 & 2)

( 1 6) B. 2 B’, =re Kw + zens Kw + Mined x, =1 Taw :

+ Minds Tred Taw

RESULT 7. Given an assignment xeA[a,] (node of the b-b tree) then the maximum

traffic t,qe) for this node satisfies the following inequality:

(16a) tan 2 Ly=A, +B’,

with A,, B’, defined as in (15) and (16).

PROOF. Immediate from (15) and (16).

12

 



 

3. THE BRANCH-BOUND PROCESS

3.1 Initial Assignment

In order to get an initial incumbent value, we adopt the following heuristic.

Consider quantities:

(17) T,= r"8, T.

To location i: (i=1,2,...,[n/2]) assign centre a(i)= w,,, whereas to location i: (i=

[n/2] + 1,...,n) assign centre ai) =Won544)-

The above processassigns centres that transmit large quantities of

messages to central positions:

 

locations: 1 2 3 + «+6 k k+1 +++ n-1t on

 centres : WwW, W3z Ws Wat Wa, We W,
 

where k=[n/2].

3.2 Fathoming Process

Each node v of the tree is associated with a pair (l,,a,) where |, is the set of

locations having centres assigned to them and a,is the corresponding (current)

assignment.

Calculate lower, L,,, bound for T,, (see relation (16a)). Let T,,, be the value

of the current best solution up to date.

If Toe <L,, then we fathom all branches emanating from this node otherwise
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we consider an indexi¢l, and develop the following branches:

x
o og <

4
ay"{j) =a,(j)

V j=i

ay'(i) =,

std,
where {01,02,...,@g} is the set of centres not yet assigned.

al()=aliP a?(i) =alli)

V jzi V j#i

aZ(i} =, a/(i) =o;

o
o
o

™

3.3 Branching Policy and Priority Rules

Numerical experience with this type of problem suggests that the numberof

nodes (and consequently memory requirements) increases dramatically with the

value of n, especially for n>10. A depth first search aiming at reaching quickly

terminal nodes associated with good solutions could alleviate to some extent this

problem.

At each node v weevaluate a solution for the problem (that is a complete

assignmentof all locations) by applying the techniqueusedin the initial assignment

to the set of non-assigned locations at node v (set l,= N-l,). The value, U,,, of this

solution represents an upper boundfor the value, U",,, of the optimal solution of

the problem associated with this node.

In the context of the mentioned search strategy we experimented with 3

different priority (branching) rules:

(i) branching from the “least lowerbound" node: min,y L‘avi whereV is the set of ©

end nodes.

(ii) branching from the "least upperbound" node: min, UveV “av

(iii) branching from the node associated with the minimum value of quantity

14

 



 

M,= (Ly +U,V)/2

Note that quantity M,, as numerical experience suggests, represents a good

approximation to the optimal value U",, associated with node v.

From the aboverules,rule(iii) gave by far the best results (results of table

1).

4. NUMERICAL RESULTS AND CONCLUSIONS

Traffic data between centres is represented by random numbersin the range

[0,5000]. The previously described algorithm "minimax" was tested for n= 4, 5,

6, 7, 8, 9, 10, 12. Notice at this point that optimally solving QAP becomes

extremely difficult for n> 12. Solving an=10 problem may take up to few

thousand branching nodes whereas the optimal solution for n=12 requires a

number of nodes exceeding 10.000 (Finke et al (1987}).

The following table gives the basic numerical features of the proposed

algorithm performance:

 

n_ initial assignment initial value optimal assignment optimal value initial assign. nodes

4 3,4,1,2 8.851 3,4,1,2 8.851 0.0 % 17

5 3,2,5,1,4 14.705 5,4,2,1,3 14,362 2.4 % 32

6 2,6,4,5,3,1 28.097 6,3,5,1,4,2 20.835 36.8 % 19

7 2,5,7,4,6,3,1 43.423 7,6,5,1,2,3,4 33.629 29.1% 138

8 1,7,6,5,8,3,4,2 55.166 8,3,7,2,1,6,4,5 41.427 35.6 % 293

9 1,8,4,7,3,9,6,5,2 69.536 9,5,2,1,7,4,3,8,6 50.641 20.5 % 241

10 1,8,10,2,5,3,4,6, 66.598 10,5,3,7,8,9,2,1, 59.261 12.4% 1323

9,7 6,4 :

12 1,6,3,7,8,4,2,10, 103.675 1,6,3,7,8,4,2,10, 81.558 27.0 % 21407

9,11,12,5 9,11,12,5  
 

TABLE 1. Performance of the "Minimax" Algorithm
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Although we could not directly compare the “minimax” algorithm with those

proposed for the "minisum" QAP wecould concludethat:

a. The algorithm “minimax” solves optimaily all problems tested.

b. The initial assignment heuristic although very trivial gives a reasonably good

starting solution. Note that, the relative error of the Gilmore-Lawler QAP bounds

(Finke et al (1987)) for n=6 is 4.6 %, for n=8 is 13.1 %, forn=10 is 13.9 %

and forn=12 is 14.7%.

c. The numberof branching nodesis relatively low and compares reasonably with

the existing QAP branch-boundalgorithms.

Finally, in order to numerically compare the "minimax" and QAP problems

we have run the above set of test problems using asinitial solution the optimal

solution of the corresponding QAP. The results were surprising (see table 2). The

relative error of the optimal QAP assignment used as jnitial solution for "minimax"

problem didn't exceed 7.2% whereasin 2 cases out of 8 tested gave the optimal

solution of "minimax" problem, andin all cases the number of branching nodes

wasdrastically reduced.

 

n_ initial assignment initial value optimal assignment optimal value % error branch.

(optimal assignment of initial nodes

of QAP) assignment

4 3,4,1,2 8.851 3,4,1,2 8.851 0.0 % 17

5 4,5,1,2,3 14.377 5,4,2,1,3 14.362 0.1 % 32

6 6,3,5,4,1,2 20.535 6,3,5,1,4,2 20.535 0.0 % 9

7 5,6,7,4,3,1,2 35.002 7,6,5,1,2,3,4 33.629 4.1% 138

8 4,6,8,5,7,2,1 44.474 8,3,7,2,1,6,4,5 41.427 7.2% 181

9 8,6,4,3,7,9,5,2,1 51.697 9,5,2,1,7,4,3,8,6,3 50.641 1.9% 104

10 5,1,6,9,10,8,4,7, 60.598 10,5,3,7,8,9,2,1, 59.261 2.3 % 374

2,3 6,4   
TABLE 2. Performance of the "Minimax" Algorithm Using as Initial Assignment the

Optimal QAP Assignment
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Reversing the argument, we could conclude that "minimax" algorithm

solution can provide a goodinitial solution for QAP.

Although the comparative numerical experience with the min-max and min-

sum versions of the assignment problem could not suggestthat the use of min-

max problem as a preprocessing step for the solution of the min-sum problem (and

vice-versa) can makeit easier, when both problemsare to be solved at the same

time then the use of the optimal solution of one of the problemsasinitia! solution

for the other can significantly reduce the solution burden (number of branching

nodes and hencesolution time).
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