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Abstract

In this paper we present a new preference structure which may be considered as a
fundamental structure in preference modelling. Before characterizing this structure, we
investigate thoroughly the threshold graphs class which corresponds to it. In particular,
we propose a new characterization of this class of graphs in terms of complete preorder

(Sc) on the vertex set of graph G.
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1 Introduction

There are several examples of complete preference structures which can be built up by
"glueing together" an asymmetric relation P and a symmetric relation I. It is the case of
complete preorders (Roubens and Vincke (1985)), semiorders (Roberts (1969) and Pirlot
(1990, 1991)) and interval orders (Fishburn (1985)). For instance, the graph of the
symmetric part of an interval order is an interval graph (i.e. the intersection graph of a
family of intervals of the real line) and the asymmetric part is any transitive orientation of
the complementary graph. Starting from the graph of any symmetric relation, it is always
possible to transitively orientate the complementary graph provided the original graph is
a co-comparability graph. In other words starting from any I whose graph is a co-
comparability graph, one can build a P such that {P, I} is a complete preference structure
in the sense of Roubens and Vincke (1985), Abbas and Vincke (1993) or Abbas (1994).
The co-comparability graphs form a sub-class of the famous and much studied family of
perfect graphs (Golumbic (1980), Berge and Chvatal (1984), Zemirline (1987) and
Maffray (1992)). In this paper, we provide an additional example of such a construction.
We start from a threshold graph as the graph of I and by transitively orienting the
complementary we define a preference structure we naturally call threshoid order.
Threshold graphs are a sub-class of perfect graphs introduced and characterized by
Chvatal and Hammer (1977). It is a particularly interesting one as its structure can be
described in a very precise manner. In addition, this structure can be interpreted in the
framework of classification theory as it is connected with a particular type of hierarchic
tree (this aspect will be developed elsewhere). A large quantity of theoretic as well as
practical papers have been devoted to threshold graphs and we briefly review a number
of them bellow. The general ideas of the different papers are about characterization,
extension, polyhedral study, nonthresholdness of a graph and the use of such graphs to
modelize concrete problems. First, we recall that a graph G = (V,E) is a threshold
graph if and only if there exists a threshold t € IN, and a mapping w : V — IN; such

that V S < V, S is a stable set if and only if ) _ w(v)<t, where a set Sc Visa

stable set of graph G = (V,E) if and only if V v, u € S, {v,u} ¢ E. Numerous
characterizations of threshold graphs were discovered. We cite hereafter those which are
at the origin of this work. The readers interested by other characterizations, under a
different aspect, are referred to Chvatal and Hammer (1977), Henderson and Zalcstein
(1977), Benzaken and Hammer (1978), Golumbic (1980), Hammer et al. (1981), Cogis
(1982a).
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In their paper, Benzaken and Hammer (1978) introduced an extension of threshold
graphs. These graphs, called domishold graphs, have the property that there exists a
threshold t € INg and a mapping w : V — INg such that V D ¢ V, D is a dominating set

if and only if ZveDw(v)Zt, where a set D V isa dominating set if and

only if Vv e VID,3da e Vsuchthat {v,a} € E. Payan (1980) investigated two classes
of graphs called equistable and equidominating graphs, obtained, respectively, from
threshold and domishold graphs, by replacing the inequalities by equalities. Mahjoub
(1981), characterized the polytope P(G) corresponding to the class of domishold graphs.
At the same moment, Hammer et al. (1981), after defining a threshold sequence, as being
a sequence of n non negative integers corresponding to the sequence of degrees of a
threshold graph, they proposed numerous characterizations, in particular, the set of
threshold sequences at minimum distance from an arbitrary degree sequence. Peled and
Srinivasan (1989) studied the polytope of degree sequence. The notion of threshold
dimension t(G) of a graph G was also introduced by Chvatal and Hammer (1977), as
being the smallest number t such that there are threshold graphs G;, 1<i<t, whose edge
union is G. Usually, the notion of dimension is regarded as an intersection, we can prove
that the threshold dimension t(G) of an arbitrary graph G can be defined in an alternate
but equivalent manner using intersection threshold graphs. Chvatal and Hammer (1977)
showed that finding t(G) is NP-hard. Yannakakis (1982) showed that it is NP-
complete to determine if a given graph has a threshold dimension at most 3. Two years
later, Cozzens and Leibowitz (1984) showed that determining if a graph has threshold
dimension 2 is also NP-complete. Different sufficient conditions for a graph to have
threshold dimension 2 are obtained by Ibaraki and Peled (1981). Graphs having threshold
dimension 2 are called 2-threshold graphs. These graphs have been studied by Hammer
et al. (1989). Hammer and Mahadev (1985), introduced the bithreshold graphs, i.e.
graphs G which are the edge-intersection of two threshold graphs G, and G, defined on
the same vertex set, with the property that every stable set of G is also a stable set of G,
or G,. They proposed a polynomial recognition and decomposition algorithm for
bithreshold graphs. A signed balanced graphs defined by threshold conditions was
introduced by Benzaken et al. (1985), generalizing threshold graphs. In fact, they are
equivalent to graphs with Dilworth number at most two. An important case of this class
(difference graphs) was recently investigated by Hammer et al. (1990).

In a paper, Cogis (1982a) deduces a set of known characterizations of Ferrers
digraphs by investigating the connection between symmetric Ferrers digraphs and
threshold graphs. In fact, the author provides a positive answer to this question through
the usual connection : a graph is but a symmetric digraph (that is if (x,y) is a directed
edge of the digraph, then (y,x) is too) without loops. Ferrers digraphs were defined by
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Riguet (1951). A Ferrers digraph is a digraph G = (X,U) such that GGG is a partial
digraph of G, where G4 is the dual graph of G, i.e. G¢ = (V,U?), and (a,b) € Ud if and
only if (b,a) ¢ U. Bouchet (1971), was able to extend the Dushnik and Miller's dimension
of a partial order (1941) to any digraph. On the one hand, Cogis (1982b) showed that
the problem of finding the Ferrers dimension of a digraph and the problem of finding the
order dimension of a partial order are polynomially equivalent (in the sense of Karp
(1972)). On the other hand, he showed (Cogis (1980)) that the problem of finding the
Ferrers dimension of a digraph is polynomially equivalent to the problem of finding the
threshold dimension of a split graph.

In the context of measuring how "nonthreshold" a given graph is, many measurements
beside the threshold dimension have been studied. Hammer et al. (1981) introduced the
threshold gap; while Peled and Simeone (1987) introduced the threshold measure, and
more recently, Wang and Williams (1991), introduced the threshold weight of a graph G.
The latter consists, in contrast to other approaches to thresholdness which assign weights
only to the vertices, to assign weights to both vertices and edges. Formally, given any
graph G = (V,E), we assign a positive threshold value t to the graph, non negative
weights w;20 to each vertex i €V and non negative weights w20 to each edge e €E,
such that for any subset S < V, S is a stable set of G if and only if the total weight of the
vertices and of the edges over the subgraph G(S) induced by S is less than the threshold

value,ie. D we+) wist—1 ifandonlyif S is astable set.
ecE(S) ieS

The threshold weight W(G) is defined as the optimal value of the following linear
programming problem :

min Zw.
(=3

> wi<t-1, for each maximal stable set S = V;

ieSs

wi+w;+w.>t, foreache = {ij} € E;

w20.

The optimal value W(G) equals 0 if and only if G is a threshold graph. Therefore, when
the graph G is not a threshold graph, W(G) may be interpreted as a measure of the
nonthresholdness of G. Hammer et al. (1991) studied the structure of the networks in
which connectedness and disconnectedness of the networks can be expressed by a
threshold system. This means that the elements of the network have a certain
"destruction cost" and that the enemy can disconnect the network if and only if they pay
a large enough price. In their paper, they give polynomial algorithms for the recognition
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of such networks, and for the determination of the appropriate costs and threshold value.
Finally, an interesting result given by Leibowitz (1978) is that every threshold graph has
an interval representation using intervals of at most two different lengths.

This review shows that threshold graphs have received extensive attention. The fact
that the structure has been used to define a threshold-dimension shows that it is in some
sense fundamental. The status of the threshold order structure is in many respects similar
to the one of interval orders and semiorders. They can all be built up starting from a
symmetric relation by transitively orienting the complementary and they are all associated
with a notion of dimension (resp. interval order, semiorder, threshold order dimension).
That's why we promote the threshold order to the dignity of a fundamental preference
structure.

In the present paper, we try to characterize a preference structure which corresponds
to the class of threshold graphs. Before characterizing this structure, we study
thoroughly the threshold graphs class which corresponds to it. In particular, we propose
a new characterization of this class by a certain complete preorder (Sg) on the vertex set
of graph G. Before introducing some necessary definitions and results, we suppose that
all the considered sets are finite and non empty. For the multicriteria decision-aid
terminology, we essentially refer to Vincke (1992), whereas for the graph theory
terminology, the reader is referred to Berge (1973).

2 Preliminary definitions and results

Let us consider a set V of alternatives (objects, actions, decisions, candidates,...). We
assume that a subject who must compare two alternatives a and b, is able to express his
preference (P) between the two alternatives or his indifference (I) between the two, i.e.
incomparability (J) is not permitted in this approach. This situation is often met in the
preference modelling literature (cf. Roubens and Vincke (1983, 1985), Roy (1980,
1985), Roy and Bouyssou (1993) and Vincke (1992)), and it can be represented as
follows :

RELATIONAL REPRESENTATION
aPb (resp. bPa) if a is preferred to b (resp. b is preferred to a);
alb if a and b are indifferent.

GRAPHIC REPRESENTATION

an arc from a to b (resp. b to a) if a is preferred to b (resp. b is preferred to a);
an edge between a and b if a and b are indifferent.
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Definition 1. A preference structure without incomparability is a pair {P, 1} of binary
relations defined on the same set V, such that : ¥ a,be V :

(i) aPb = b(notP)a (P is asymmetric);
(ii) ala (Lis reflexive);
(iii) alb = bla (1is symmetric);

(iv) a(notP)b and b(notP)a <> alb.

Definition 2. An interval order {P, 1} on the set V is a preference structure without
incomparability, such that PIP c P.

It is easy to show the following result
Proposition 3. Let P and 1 be two binary relations defined on the same non empty set

V. {P, 1} is an interval order if and only if {P, 1} is a preference structure which has
no A, 1<i<3 as an induced subgraph (see figure 1).

A A, A
Fig. 1. Interval order forbidden minimal configurations

Definition 4. A graph G =(V,E) is an interval graph if there exists a family of
intervals 3 ={1,:a € V} on the real line such that {a,b} € E if and only if L, NI, # &.

The following results (see Fishburn (1985)) show the equivalence between interval
orders and the class of interval graphs.

Theorem 5. Let 1 be a binary, reflexive, symmetric relation defined on the set V
and 1=1 \{loops}. G=(V, i) is an interval graph if and only if there exists an interval
order {P, I} on V such that 1 = (P<y’. {P, 1} is an interval order on V if and only if P is
transitive, G= (V, f) is an interval graph and 1 = (P°)".

The following characterization due to Chvatal and Hammer, permits us, in section 4,
to define the threshold order structure.
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Theorem 6. (Chvatal and Hammer, 1977) : A necessary and sufficient condition for G
to be a threshold graph is that G does not have 2Kj, Py, or C4 as an induced subgraph

(see figure 2).
P C,

Fig. 2. Threshold graph forbidden minimal configurations

K,

It is easy to prove that :
Proposition 7. A threshold graph is an interval graph.
3 Complete preorders and threshold graphs

By analogy with the characterization of domishold graphs by a certain complete
preorder on the vertices and by using the dominating sets of a graph (Benzaken, Hammer
(1978)). we prove in this section that it is possible to characterize threshold graphs by a
certain complete preorder on the vertices and by using the stable sets of the graph.

Let G = (V,E) be a simple graph and let us define a binary relation Sg on V by
putting :
xSgY (x, y € V) if and only if ¥ S stable set of G such that x ¢ S and y € S, then
(S\{y}){x} is a stable set of G.

We shall say that "y may be replaced by x".

Lemma 8. Sg constitutes a preorder on V (' reflexive and transitive relation).

Proof. Reflexivity is obvious. For transitivity, let us suppose we have x, y, z € V (2 by
2 distinct) such that xSgy and ySiz and let S be a stable set of G, containing z
but not x. If y ¢ S, then (S\{z})u{y} is a stable set of G (because ySgz)
containing y but not x. So T* = ([(S\{z})o{y}IMy})u{x} is a stable set of G
(because xSgy). But T* = (S\{z})u{x}. If y € S, then (S\{y}){x} is a stable set of
G (because xSgy) containing z but not y. So T* = ([(S\{yDu{x}\Mz})fy} isa
stable set of G (because ySgz). But T* = (S\{z})w{x}. In both cases xSgz. 0O
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The main result of this section is the following :

Theorem 9. Let G = (V,E) be a simple graph. The following assertions are equivalent
and characterize a threshold graph :

(i) G has no induced subgraph isomorphic to 2K, , P4 or Cy.

(i) The preorder Sg on 'V is complete.

We prove the result in several steps.
Proposition 10. If G=(V,E) is a threshold graph, then Sq is a complete preorder.
Proof. Indeed, suppose G = (V,E) is a threshold graph and the preorder Sg is not
complete. Therefore there exists x, y € V such that (x,y) and (y,x) & Sg, i.e. 3 S1 (resp.

S2) a stable set of G such that x & S) (resp. y ¢ S2), y € S1 (resp. x € S3) and
(S1\My})u{x} (resp.(S2\{x}){y} is not a stable set of G.

Fig. 3.
This implies that there exists y' e Sy (resp. x' e S3) such that {xy'} (resp. {y,x'}) € E.
Furthermore, {y,y'}(resp.{x,x'}) ¢ E because S; (resp.Sz) is a stable set of G (see figure
3). So the subgraph induced by x, x', y and y' is isomorphic to 2Kz, P4 or C4, which is
impossible. O

Remark. It is easy to see that none of the graphs 2K;, P4 or C4 have a complete
preorder with respect to Sg.

A vertex m of G =(V,E) is called minimal if it is minimal with respect to Sg,
ie VxeV, xSgm. " m may be replaced by any vertex of G ".

It is easy to prove the following properties :

Proposition 11. 1) Any dominating vertex is minimal.
2) If a graph has a dominating vertex, then every minimal vertex is dominating.
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Lemma 12. Let G = (V,E) be a graph such that the corresponding preorder Sg is
complete and let m be a minimal vertex of G. If m is neither an isolated nor a
dominating vertex, then every x ¢ N(m)w{m} is an isolated vertex of G.

Proof. Let S be a maximal stable set of G containing m and let y be a vertex of V\S. We
have ySgm because m is a minimal vertex of G. So (S\{m})U{y} is a stable set of G.
This implies that y is not adjacent to any vertex of (S\{m}). Furthermore, y is adjacent to
m (because S is maximal). But y is an arbitrary vertex of V\S, which implies that (S\{m})
is an isolated vertex set of G, i.e. N(m) = W\S, a

Lemma 13.  If S; is complete, m is a minimal vertex of G = (V,E) and Gy, the
subgraph induced by V\{m}, then the preorder Sq_ is also complete.

Proof. Let x, y eV\{m} and assume xSgy. Let S be a stable set of Gy, containing y but
not x. Assume first that m is isolated in G, then Su{m} is a stable set of G containing y
but not x. Hence [(Su{m})]\{y}]u{x} is a stable set of G and by deleting m,
(S\{y})o{x} is a stable set of G, showing that xSg_y. If m is a dominating vertex of G,
then S is a stable set of G and (S\{y}){x} is a stable set of Gm, showing that xSg_y.
Finally, let us consider the case where m is neither isolated nor dominating in G. If
y € N(m) (resp. x € N(m)), then ySg_x (resp. xSg_y), because by lemma 12, y (resp. x)
is an isolated vertex in G and therefore in Gp. If X, y € N(m), then S is a stable set of G
because S is a stable set of Gy, containing y but not x. Furthermore, (S\{y})u{x} is a
stable of G, does not contain m, because xSgy. So (S\{y})w{x} is a stable set of Gp,
showing that xSg_y. In each case, we obtain that Sg_ is a complete preorder. )

Proposition 14. A4 graph G = (V,E) having the property that the preorder Sg is
complete, cannot have any induced subgraph isomorphic to 2K3, P4 or Cy.

Proof. Assume that G with complete preorder S has an induced subgraph H
isomorphic to 2K, P4 or C4. By removing a minimal vertex m ¢ H (if possible) and
continuing this process as many times as possible, we shall eventually arrive (by lemma
13) to a graph G' (with complete preorder) having a minimal vertex m in its induced
subgraph H. We can find two vertices x, y € V\{m} such that x ¢ N(m) (or y ¢ N(m)).
By lemma 12, m is not minimal, a contradiction. O

So theorem 9 is proved.
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Proposition 15.  If G = (V.E) is a simple graph, then we have Sgc= S, where Ge
is the complementary graph of G and S the converse of preorder Sg.

Proof. Indeed, if Sgc # §G , then there exists x, y €V such that (x,y) e Sg¢ and
(xy) e S or there exists X', y' e V such that (x,y") ¢ Sgtand (x,y) e S;.Assume
first (xy) e Sg¢and (y,x) e S;, which implies for every stable set S of G¢ such
that x € S, y € S, then (S\{y})u{x} is a stable set of G¢; furthermore, there exists a
stable set §' of G such that ye §', x € $' and (S\{x})u{y} is not a stable set of G.
S = {y,x'} isa stable of G, containing y but not x. But (S\{y})u{x} = {x,x'} is not a
stable set of G°, a contradiction. If there exists (x,y) ¢ Sg¢ and (¥',x) € Sg, then by
similar arguments as in the first case, we obtain a contradiction. c

Other binary relations have been studied, for example :
- The binary relation D¢ defined on V by :
xDgy iff dg(x) < dg(y), where dg(x) is the degree of vertex x of G.
It is obvious that relation Dg constitutes a complete preorder on V.
- The binary relation N defined on V by :
xNgy iff Ng(x) < Ng(y) v {y}, where Ng(x) is the set of vertices adjacent to x in G.

It is also well-known that relation N constitutes a preorder on V, called "vicinal
preorder”.

Proposition 16. Consider G = (V,E) to be a simple graph. We have :
@ S =Ng;
(i) S¢ < Dg.

Furthermore, G is a threshold graph if and only if Sg =Dg.

Proof. e If (i) is not true, then there exist x, y € V such that (xy) € Sg\ Ng or
there exist x', y' € V such that (x'y") eNg \Sg. Assume first, (x,y) € Sg and (x,y) ¢ Ng
which implies that for any stable set S of G such that x « S and y € S, then (S\{y})u{x}
is a stable set of G; furthermore Ng(x) @ Ng(y) “{y}. The latter assertion implies that
there exists X' e Ng(x) \ Ng(y) v {y}. The set S = {y,x'} is a stable set of G
containing y but not x. But (S\{y})u{x} = {x,x'} is not a stable set, which is impossible.
If (x,y) ¢ Sg and (x,y) € Ng, then there exists a stable set S suchthatx ¢ S, y € S and
(S\M{y})»{x} is not a stable set of G; furthermore, Ng(x) SNg(y){y}, a contradiction.

o (i) obvious.

e Finally, by (ii) and theorem 9, it is sufficient to show that if G is a threshold
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graph, then Dg < S;. Suppose there exist x,y e V such that (xy) ¢ Sg and
(x,y) € Dg, then there exists a stable set S' of G such that x ¢S', y €S' and (S\{y})u{x}
is not a stable of G; furthermore dg(x) < dg(y).

[y A

Fig. 4.
The latter assertion implies that there exists x' € Ng(y)\Wg(x), but x, x', y, and y' induced
a subgraph isomorphic to 2K;, P4 or C4 (see figure 4). So G is not a threshold graph. O

4 Threshold graph and Preference structure

Definition 17. Let P and 1 be two binary relations defined on the same set V. A
preference structure {P, 1} on the set V is a threshold order if and only if :

(i) P2 P (ie. P is transitive);

(ii) Y a, b,c,d e V(2 by2distinct), we have : alb, bPc, cId = ald.

It is easy to show the following result :
Proposition 18. Let P and I be two binary relations defined on the same set V. {P, I} is

a threshold order on set V if and only if {P, 1} is a preference structure which has no
A,, 1<i<5 as an induced subgraph (see figure 5).

L Vi
A <
A »~ A v 4 N
3.
7
A A A A A
1 2 3 4 s

Fig. 5. Threshold order forbidden minimal configurations

Corollary 19. A threshold order is an interval order structure without configurations
Ay and As.

We establish now the equivalence between threshold graphs and threshold orders.
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Theorem 20. Let 1 be a binary symmetric relation on the set V. There is a binary
relation P on the set V, such that {P, 1} is a threshold order on the set V if and only if
v, 1) is a threshold graph, where 1=1 \{loops}.

Proof. Necessary condition. By proposition 7 and theorem 5, there exists a binary
asymmetric relation P, such that {P, I} is an interval order structure. Therefore, it is
sufficient to show, by contradiction, the second condition of definition 17. Let us
suppose P is a transitive orientation of the complementary graph of graph (V,I), and let
a, b, ¢, d € V(2 by 2 distinct), such that alb, bPc, cId and aPd. We can show that the
vertices a, b, ¢ and d induce a configuration of (V, cI’) isomorphic to 2K3, P4 or Cs,
because P is transitive and P U I strongly complete, which is impossible.

Sufficient condition. By proposition 18, it is sufficient to show that {P, I}does not have
an induced subgraph isomorphic to the minimal configurations A;, i = 1,...,5 (see figure
5) implies (V, f) is a threshold graph. Indeed, if graph (V, f) is not a threshold graph,
there exists an induced subgraph of (V, f) isomorphic to 2Kj; , P4 or C4 (see figure 2).
We can suppose, without loss of generality, that a, b, ¢, d € V, are the vertices of 2K»,
(resp. P4 ; C4) and aPc (see figure 6). Therefore, we obtain aPd, bPc and bPd (resp. bPc,
bPd; bPd), because P is transitive.

Y

A 4

Fig. 6. a
5 Potential application

On the one hand, Monjardet and Jacquet-Lagreze (1978) wished to see the
development of some work on the problem of finding a Guttman scale at a minimum
distance from any given correspondence. On the other hand, we give here an example
from Leibowitz (1978) on the link between the Guttman scale and a threshold graph.
This suggests that the former problem could be reformulated as finding a threshold order
at minimal distance from a given correspondence. As the threshold graphs class has been
extensively studied, this simple remark could perhaps help finding an efficient algorithm.

Link between Guttman scale and threshold order. Let X be a set of propositions and
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let Y be a set of subjects in a psychological experiment. A subject either agrees or
disagrees with a proposition . A Guttman scale is a linear ordering of XY, such that a
subject agrees with all items following it and disagrees with all items preceding it. Let G
be an undirected graph with vertex set XUY constructed as follows : X forms a stable
set; Y forms a clique; subject y is adjacent to proposition x if and only if subject y agrees
with proposition x. We have the equivalence : there exists a Guttman scale for XUY if
and only if G is a threshold graph.

We can now add that the linear ordering of the Guttman scale induces a transitive
orientation of the complementary graph of G which makes it a threshold order.

5 Conclusion

Several concrete problems require to be modelized by semi-oriented graphs since the
modelling by non oriented graphs is not sufficient. But since various theoretic works as
well as practical works are devoted to threshold graphs, we have introduced the
threshold order structure in order to enrich the set of models which can be used in
decision aid.

6 Open questions

1) The following characterization is due to Henderson and Zalcstein (1977) :

A graph G = (V,E) is a threshold graph if and only if :

J¢c:VIN ,t>0 suchthat Va b €V, a#b: {ab} € E<x>cla)+c(b)>1t.
Find a numerical representation of a threshold order.

2) Characterize the preorders corresponding to the degree relation.

3) Characterize the preorders corresponding to domishold graphs which are defined
below.

Let us consider G = (V,E) to be a simple graph. We define the binary relation 3¢ on set
V :adgb if and only if V dominating set D of G such that a ¢ D and b € D, then
(S\{b}){a} is a dominating set of G. Benzaken and Hammer (1978) showed that : G is
a domishold graph if and only if 65 is a complete preorder.

Aknowledgement The authors would like to thank Marc Pirlot and the anonymous
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