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ABSTRACT. — In this paper the effect of waiting time on thereliability behaviour

of two element parallel redundant system with exponential failure and general repair

time distribution for both the elements, has been evaluated. The Laplace transforms of

the various state probabilities have been obtained and the Main Time to System Failure

(MTSF) has also been derived.

Introduction.

In the past, most of the reliability models on parallel redundancy have

been formulated and solved assuming that the repair is instantaneous. This

assumption does not seem to be realistic in practical situations, even if it

is assumed that the fault detection and element switching is instantaneous

and error free. However, it would be admitted beyond doubt that there

always exists a time lag, between the failure of the element and its removal

for repair. It also exists due to non-availability of the spares or the preoc-

cupation of the repair facility. Therefore, to account for this time lag, the

concept of waiting time distribution has been introduced in this paper.

To develop the mathematical model, consider a complex system com-

prised of two identical operating components A and B arranged in parallel

redundancy, which only means that if one component fails, the other com-

ponent continues performing the required mission, for which the system is

intended. Onfailure, the component waits for repair and if this component

is repaired before the failure of the second component, it is put back into

the system.

The system is considered to have failed, when both the component fail.

It has been assumed that the failure and waiting time distributions are

governed by exponential law with constant rates ) and v respectively, and

repair follows general distribution with probability density f(x). Further,

the Mean Time to System Failure of such a system has also been evaluated.
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Differential Equations Governing the Behaviour

of the Complex System.

Define,

P, (#) == The probability that, at time ¢, both the elements are working.

Py (?) = The probability that, at time 4, one element is working, and

the other one while has failed, is waiting for repair.

Px (x, t)A == The probability that, at time ¢, one element is working and
the other one which hasfailed, is being repaired and the elapsed

repair time lies in the interval (x, x + A).

= ll The probability that, at time t, both the components are in the
failed state and the system is considered to have failed.

n(x) A == The first order probability that the element is repaired (i.e.
made available for service) in the time interval (x, x + A)
conditioned that it has not been repaired up to time x.

The relationship between 1 (x) and the corresponding probability density
function f(x) is given by:

x

f) = 1) ep Ef 9G) ax] (1)
From continuity arguments, the following differential equations for the

process may seem to hold good:

 

3 a
ep + 2A POO =f Pals Ons)ae (2)

I + a+ ol Pw) = 2A Pi (é) (3)

3 3
FS Tay FA + ol P(x, 4) = 0 (4)

3 fool

=r Pn) = rf Px (xf) de +d Pry(2) (5)

The above equations are to be solved under the boundary conditions:

Pp (0,4) = v Py (2) (6)

It is assumed that initially both the components are working, i.e.,
P, (0) = 1 and other state probability are zero.
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Let the Laplace transform of the function f(¢) be represnted by

L {f ()} or f(s) and is given by the expression:

FO = LEO) =fev FH at
Re(s) > 0

Applying Laplace transforms and making use of the initial conditions,

mentioned above equations (2) through (6), give:

[5 + 2a} BW) = 1+ f- Palos) nG) de (7)

[+A +r] Pw() = 20 PW) (8)

fo ts +a + v6 Pp (x, 5) = 0 (9)

5 Pp() =f Pp (x, 8) dx +d Pw (8) (10)

Pp (0,5) = v Pw(s)

Equation (9) on integration and simplification with the help of (11)

gives:

Pa (sss) =v Pw) exp EU +x—fa) 4] (12,
0

On solving relations (7) through (10) and (12):

Pi () = (6+ ate

Pyw(s) = 20/8 (14)

Pps) = 202 [s+ Atv —vfle+al/Ese +) (9)
and

Pal) = f° Palsade = 2rp 1 —FE + M/E +A 016)
where

b= (5+ 2a) (++ p) —2an fl +2)
and

fe tA = L {e* F(x}



68 Revue de Statistique — Tijdschrift voor Statistiek 12 (3) 1972

It may be verified that:

= = = 7 1
Po(s) + Pw () + Pa(s) + Pe) = -

Relations (13) through (16) which give the various state probabilities

may easily be inverted for specific values of the repair probability density.

Mean Time to System Failure.

Following Alven [3], the Mean Time to System Failure is given by:

MTSE = f° Py (i) di
6

where P, (/) is the probability that the system is working at time #, and

the following condition holds:

lim ¢Py(f) = 0
tro

Again P, (7) = Po (4) + Pw(t) + Pe() = 1 — Pe)

MISF = f [L — Pp (| ae
0

= lim ‘ [1 — Pp (é] a
T00 0

Following Lloyd and Lipow:

MTSF = lim F(T) — FO) = lim F(T)

where F(T) = f " #6 ae

From Laplace transform theory:

L if (1 — Pp ()} all =- L [1 — Pe (I
c

11 - =
=—[ —Pr(9] = Fi)

£ ie

Using Abel’s corollary viz.:

lim F(T) = lim s F(s)
T+00 830

(If the limit on the right exists).
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Therefore:

fim PM) = fim £.—B, ()|
Toe soo OS

Substituting value of Py (s) from (15), we get:

3(A +») — 20 FQ)
MTSF = lim F(T) = ee

Ts00 2A [A +o —v FA)
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