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Abstract

A discrete Choquet integral can be used for the aggregation of attribute

values in decision problems in the presence of interaction among attributes.

The main drawback is the non-existence of a clear interpretation of what a

given fuzzy measure means in terms of behavior in decision making. This

paper presents an equivalent representation: the logical representation of the

discrete Choquet integral. This logical representation enables expressing what

a given fuzzy measure meansin terms of behavior in decision making and/or

enables a consistent explanation of a decision maker’s preference structure in

the presence of interaction among attributes.

Keywords: Fuzzy measure, Choquet integral, Multi-attribute decision mak-

ing, Aggregation,Logical representation.
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1 Introduction

Aggregation of attribute (feature, symptom, aspect, ...) values of an object (al-
ternative, action, class, ....) is an important problem in many disciplines: multi-

attributes decision making (MADM), pattern recognition, multivariable statistical

analysis (MVSA), etc. The presence of interactions between attributes is a concep-
tual problem for classical aggregation techniques.

Fuzzy measures and fuzzy integrals offer a great potential as tools for aggregating

attribute values in the presence of interactions between attributes. A discrete Cho-

quet integral is used for pattern classification, feature extraction [5], in multicriteria

decision making[6]. In {7] the author states that:

Although fuzzy measures constitute a flexible tool for modelling the im-

portanceofcoalitions (interactions amongattributes), they are not easy

to handle in a practical problem for the following two reasons:

e”....t0o complex to handle if n goes beyond,say 8...

e....if a fuzzy measure is given, nobody cantell exactly what it meansin

terms of. behavior in decision making... ”.

In this paper an equivalent representation of the discrete Choquet integral, the

logical representation of the discrete Choquet integral, is proposed as the solution to

this problem.

Thelogical representation of the discrete Choquet integral is based on thefol-

lowing three properties:

(a) linearity of the discrete Choquet integral by measures [13, 3];

(b) The Choquet integral for a logical (0,1) fuzzy measure is equivalent to the
logical expression of attributes [12]; and

(c) any fuzzy measure (vector) can be represented as a convex combination of
logical fuzzy measures (vectors).

The proposed equivalent representation consists of a linear convex combination of

continuouslogical expressions of attributes. The logical expression over the relevant

elements of the power set of attributes contains AND and/or OR operators, with

ANDdefined as min and OR as max.

The equivalent logical representation is much more convenient than a classical

discrete Choquet integral for consistently expressing the preference structure (or

structure of wishes) of a decision maker in MADM.Instead of dealing with a fuzzy

measure, without a clear interpretation in general, by using the equivalent logical

representation, the problem is reduced to the extension of a list of attributes by

appropriate logical expressions on attributes. In a simple example isillustrated the

advantage of the equivalent logical representation of discrete Choquet integral for

resolving MADMproblems.

The well known definitions of a discrete fuzzy measure and a discrete Choquet

integral are given in Section 2. The interpretation and understanding of the discrete

Choquet integral based on the logical representation are given in Section 3. The
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application of the logical representation of the discrete Choquet integral to multi-

attribute decision makingis illustrated on two examples in Section 4. In Section 5,

a logical Mobius transform anda logical interaction index for a logical measure are

introduced.

2 Fuzzy Measures and the Choquet Integral

In this paper only discrete spaces are considered, and the finite universe 22 of n

elements (attributes, features,...), 2 = {a),...,an}. P(Q) is the power set of 2,

while |A| denotes the cardinality of a subset A of 9, and A \ B denotes the set
difference. A, V denote min and max,respectively.

The additivity property for (probability) measures is usually a hard constraint

for real problems. Sugeno [16] introduced fuzzy measures and integrals, as a gen-

eralization of the usual definition of a measure by relaxing the additivity property.

The concept of a fuzzy measure is closely related to the twenty years older con-

cept of a capacity, proposed by Choquet [1]. Fuzzy measures include as particular

cases probability measures, possibility and necessity measures, belief and plausibility

functions, etc. [5].

Definition 1 A fuzzy measure » on Q is a mapping up: P (Q) - [0,1] such that,

for every A and B in P(Q):

1. w(0) =9,

2. if BCA,then p(B) < (A),

where: Q is any set of elements, P(Q) is the set of fuzzy subsets of 0, and

A, B,... are subsets of Q.

Definition 2 The discrete Choquet integral of (a),...,an) ,a; € R, with respect to p

ts defined by

Cy (a, ..-, On) 2= > (aq) - ay-1)) LL (Aw)
=

where “) indicates that the indices have been permuted so that 0 < aq) < ... < Qn),

and Aq) = {a), wasy Qn} ’ and a0) = 0.

The Choquetintegral is a generalization of the Lebesgue integral, and it coincides

with the Lebesgue integral when the measureis additive. A discrete Choquet integral

enables modeling of positive interaction and redundancy between attributes.

In [7], the author states that: "if a fuzzy measure is given, nobody can tell

exactly what it means in terms of behavior in decision making”.

In the next section a meaning of a fuzzy measure related to discrete Choquet

integral is proposed by its logical representation.
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3 Logical Interpretation of the Discrete Choquet

Integral

An equivalent representation, the logical representation of the discrete Choquet

integral, is presented in this section.

Thelogical representation of the discrete Choquet integral is based on thefol-

lowing three properties:

(a) linearity of the discrete Choquet integral by measures [13, 3]; (If a fuzzy
measure can be represented as a linear convex combination of some other fuzzy

measures then the Choquet integral for this measure is equivalent to the linear

convex combination of the Choquet integrals for those fuzzy measures)

(b) the Choquetintegral for a logical (0,1) fuzzy measureis equivalent to a logical
expression ofattributes [12], and

(c) any fuzzy measure (vector) can be represented as a convex combination of

logical fuzzy measures (vectors).

3.1 Linearity of the discrete Choquet integral by measures

Linearity of the discrete Choquet integral by measures, can be formalized as follows:

Proposition 1 Let p, p,..., ug be fuzzy measures and p = re, Agliq, where

re Ag = 1 and A, > 0,q = 1,...,Q. Then for the discrete Choquet integrals of

(ay, ...,@,) w.7.t. M, H1,..-, Hg the following holds:

Q

Cy (a1, 5 On) = SY AgCug (ay, .-., Qn) -
q=1

3.2 A logical fuzzy measure

Logical fuzzy measures are very important for the explanation of the discrete Cho-

quet integral, via an equivalent representation - the logical representation of the

Choquet integral. A logical fuzzy measure is defined as:

Definition 3 A logical fuzzy measure is fuzzy measurethat takes its values in {0,1}.

3.3 A logical Choquet integral

A discrete Choquetintegral for a logical fuzzy measureis a logical expression on the

attributes with and and or operators, defined as min and max respectively.

Definition 4 A logical Choquet integral is the Choquet integral for a logical fuzzy

measure.

A logical Choquet integral takes the following form [12]:

Cyt (ay,.5¢,)= V ( A a)
Axp(A)=1 \a.€A
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Example 1 A. The Choquet integral for the logical fuzzy measure 4, = 1, fo = 0
and 1412 = 1, of two attributes, is

Cu(a;,a2) = a, V (a, Aae)

= Q

B. The Choquet integral for the logical fuzzy measure py, = 1, wo = 0, ws = 1,

the = 1, wi3 = 1, fog = 1 and pyo3 = 1, of three attributes, is

Cu (a1, @2, 43) = a,Va3V (a, A a2) Vv (a, A a3) Vv (ag A a3) Vv (a, Aa A a3)

a, V a3.

Modeling by the Choquet integral the AND, OR and ONLYfunctions for two

attributes is useful for an illustrative explanation of the logical representation of the

Choquet integral.

3.3.1 AND and OR modeling by Choquet integral

The ”extreme” cases of positive interaction and redundancy between two attributes

are AND and ORfunctions, respectively.

The values of fuzzy measures, for the case when AND and ORoperatorsare

modeled using the Choquet integral, are given through the following examples.

Example 2 Find a discrete fuzzy measure for the aggregation of the values of at-

tributes a, and a2, using a discrete Choquet integral, as an AND operator. Necessary

conditions for the Choquet integral to model an AND operator, in the case of two

attributes are:
 

 

 

 

 

a; a2 Cy (ay, a2)

1| 1 1

1| 0 0

0; 1 0

0) 0 0     
From the necessary conditions for an AND function and from the definition of the

discrete Choquet integral, a logical fuzzy measure is defined as:

The Choquet integral for arbitrary values of attributes and for a fuzzy measure of

AND function, is:

Cyu(a1,a2) = aq)

= min(q;, @2)

a; Aaa.
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Example 3 Find a discrete fuzzy measure for the aggregation of the values of at-

tributes a, and a2, using a discrete Choquet integral, as an OR operator. Necessary

conditions for the Choquet integral to model an OR operator, in the case of two

attributes are:
a) Qe C a1, &2

1; 1 1

1} 0 1

ae! 1

0| 0 0

 

From the necessary conditions for an OR relation and from the definition of the

discrete Choquet integral, a logical fuzzy measure is defined as:

1,1

Cy (0,1) = pe =>p2=1

1,0) = >p,=1

The Choquet integral for arbitrary values of attributes and for a fuzzy measure of

OR operatoris:

Cyu(a1,a2) = ar
max(a), a2)

Q; V ao.

3.3.2 ONLY,, and ONLY,, modeling by Choquet integral

Fuzzy measures for modeling functions

ONLY,, (01,02) := a; t=1,2

by aggregation with a fuzzy Choquet integral are given through the following

example.

Example 4 Find a discrete fuzzy measure for the aggregation of the values of at-

tributes a, and az, using a discrete Choquet integral, as an ONLY,, (ONLY,,)

operator. A discrete Choquet integral models an ONLY,, operator in case of two

attributes, if:

Cy (a1, a2) = a1, Vay, a2

From the condition for an ONLY,, operator and from the definition of the discrete

Choquet integral, a logical fuzzy measure is defined as:

@y p42 + (a2 — 4) fe = a1, fora; Sa, => pp. =0
2fty2 + (a, — @2) Wy = 01, forag<a, >, =1°

In the same way it could be shown that to an operator ONLY,, corresponds logical

fuzzy measure p, = 0, He = 1, fg = 1.

 



3.4 Fuzzy measure vector and fuzzy measure space

Anyfuzzy measureon finite set of attributes 2 can be represented as a vector 7,

with 2” components, where n = ||.

Definition 5 Fuzzy measure vector components, of a finite set of attributes 0, are

measures of the elements of the power set P (Q).

Thefirst and the last fuzzy measure vector componentsare fixed values, pz (@) = 0

and py (Q) = 1, respectively.

Example 5 A fuzzy measure vector for a two-attribute case is

e [u(0)=0 w({a}) w({a2}) pw ({ar,a2}) = 1)"
[0 jy pe I)’.

Definition 6 A logical fuzzy measure vector ut, is a fuzzy measure vector whose

components take only values from {0,1}.

Example 6 From the previous eramples for the two-attribute case, logical fuzzy

measure vectors and logical functions corresponding to the Choquet integrals are

given in the following table:

Hi |Me |Hae |Coz (a1, a2

a; Aa2

ay

a2

1

1

1

1av a V a2

 

Definition 7 A space defined by all possible fuzzy measure vectors is a fuzzy mea-

sure space.

Example 7 A fuzzy measure subspace, in the case of two attributes, of interest for

the analysis is two dimensional, (41, 2), fig.1, since it is by definition uo = wu (0) =

0, and pz = w({a1,42}) = 1.

From previous examples: Points A and C, in fig.1 are logical fuzzy measure

vectors for AND and OR functions, respectively, when the Choquetintegral is used

for aggregation of the values of two attributes. Points B and in fig.1 represent the

logical fuzzy measure vectors of the ONLY,, and ONLY,, operators, respectively,

when the Choquetintegral is used for the aggregation of the values of two attributes.
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Example 8 Logical fuzzy measure vectors for the three-attribute case and logical

functions corresponding to the Choquet integrals are given in the following table:

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

           
 

 

   

Hy Be M3 i2 Bi3 B23 B23 Cz (a), a2, a3)

Lar nazAag o1jo;o0;,0f, 0; 0 1 (a, A a2 Aa3)

bar nas oj/ololi]{ojfo|41 (a; A az)
Lai Aa3 0;0;01; 0 1 0 1 (a, Aas)

Ha2Aas 0};o0;0} 0; 07 1 1 (a2 A a3)

peas nazvas) ofoj}o}1{1]o0]1 aA(avas)
jeasnarvas) Oo;ao;o}) 0 1 1 Q2 A (a; V a3)

jtcanarVes) ofojlolol1[1]1 aatavay)
HE (arnaz)v(aiAas)V(arhas) 9 0 0 1 1 1 1_ Vijet,2,3 (a A a;)

peas 1jo/o}/1];1j,o]41 a

pes O1/1]0}]1 7;,0/]1 1 a2

wha, ololjifolifil4 a3
Be” axv(anAaa) 1/0;0 {1 1 1 1 a, V (az Aas)

Le” anV(a1 Aas) 0;1/;071 1 1 1 a2 V (a; Aa3)

aav(ashas) 0;0/; 1); 1 1 1 1 a3 V (a, A ap)

eaves 1Jifoli]Jaijiad.i (a; V az)

peaves 1);0)1) 1 1 1 1 (a V a3)

jt!asvag ofififaitalala (ap V a3)
be’ aVvarVag 1/1/11] 1 1 1 1 (a, V a2 V a3)

Ho ‘

12 c
BH, +H, >1

ny+ Hz = Hy =1

A H,) +H, <I B

0 ] Hy

Figure 1: Fuzzy measures for two attributes
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3.5 Any fuzzy measure and logical fuzzy measures

Since the Choquet integral for any logical fuzzy measure has a clear logical repre-

sentation, the relations between any fuzzy measure (or a fuzzy measure vector) and

fuzzy logical measures (or logical fuzzy measure vectors) are important.

Proposition 2 (A) Every linear conver combination of logical fuzzy measure vec-

tors uy, q=1,...,Q is a fuzzy measure vector, and

(B) Any fuzzy measure vector, , can be represented as a linear convex combination

of logical fuzzy measure vectors ur,q=l,..,Q.

Q FT

a = S Agha

q=1

where re, Aq = 1 and dA, > 0, g = 1,...,Q.

Proof. (A) Since from the definition of a logical fuzzy measure:

uO) =0, g=1,..4.Q

we(Q=1, g=1,..4Q

the boundary conditions of any linear convex combination of logical fuzzy measures

are:

Q

(0) = So Aguz @) =0
q=1

Q

w(Q) = So rAquy (Q) = 1.
q=1

Q

Sodg = 1 20, G=1,...,Q.
q=1

and by definition of fuzzy logical measures for A Cc B

wg(A)< ug (B), 9 =1,.4,0

monotonicity condition for any linear convex combination oflogical fuzzy measures

is satisfied:

Q Q

(A) Do Age (A) S Do Age (B) = 4 (B)

1 A429, g=1,...,Q.Y Ml

and it follows that any linear convex combination of logical fuzzy measureis a fuzzy

measure.

75

 



(B) The components of any fuzzy measure vector

B= [u(0),...,4(2))"
[-4, sey Lin)”

can be permutedas follows:

1 = pay) 22 Hes) = 0,

and after choosing only mutually different values

1 = py >. > wa@) > 0,

where Q < 2”, then PZ can be written as:

# = (ua - ve) PY +

(12) — may) BE +

(12) ~0) 25,
where:

1, (A) =1
= Cc

A) = ,ACQ,mA) {0 (A) < ne

L 1, w(A) > w@
Ug (A) = ,AEQ,4) {0 hae Me

(1 u(A) >06 , ACQ;

and ee for g = 1,...Q are logical fuzzy measure vectors, since from the definition

it follows that if uw’ (A) = 1 then VB D A is ui (B) = 1 as a consequence ofthe
definition of a fuzzy measure

ug (B) > ug (A) > HG (B) > w@ > of (B) = 1.

If we introduce

Aq = Mig) — H(g41) > 0
the above expression for a fuzzy measure vectoris:

Q

ze = Lhe
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where:

Ag = Ha) — He) + Hy — Hay +--+ HQ) — 0

= pway=l.

So any fuzzy measure vector can be represented as a linear convex combination of

logical fuzzy measure vectors. @

Example 9 An arbitrary fuzzy measure vector 7? for two attributes can be rep-

resented by logical fuzzy measure vectors ui, w € W = {a) A a2, a1, a2, a V ao};

defined in the example 7 as follows:

a = > dune,
wew

where

> Aw =1, Aw 29,
wew

and for the special cases:
 

 

 

 

  

Hitpe 21] pe 2m Mtoe <li m<m
Xai Aaz 0 1—po l-in— pe l-im
Aa 1— py 0 Hy Hi — Be
Aap 1-4 He — fh He 0

Aavar Ha + He —1 i 0 He      
It is obvious that the representation is not unique.

3.6 Logical representation of the discrete Choquet integral

From propositions: (a.) about any fuzzy measure and logical fuzzy measures and

(b.) the linearity of discrete Choquet integral by measures, follows the following

proposition.

Proposition 3 The fuzzy Choquet integral for any fuzzy measure can be represented

as a conver combination of logical Choquet integrals.

Q

Cu (a,,-14n) = DACs (a1, ...,Qn)
q=1

Q

Ea Vv (As)
q=1 Aypt(A)=1 \aeeA

So, the application of discrete Choquet integral reduces the characteristic inter-

actions between attributes to expressions which contain continuouslogical functions

of tle elements of the power set of attributes. Continuous logical functions are of

type OR (defined as max) and AND (defined as min) and their combinations as a
reduction to isolated attributes.



Example 10 The discrete Choquet integral for two attributes and an arbitrary fuzzy

measure Cu (a1, @2) has the following equivalent extensive representation:

Cu (a1, 02) = Aaj nay (1 A G2) + Ag, @1 + Agz@2 + Aa, va; (a1 V G2)

where SwewAw = 1, Aw > 0, W = {a1 Ade, aj, G2,0) Vag}. For the special

cases:

a) redundance: f+ po > fy. = 1. Since, from the previous example for case of

redundance:
—> => —

=(1 we) wg, + (1 = wn) He + (Hn + He - 1) Hivag
and from the property of linearity:

Cy (a1, a2) = (1 — He) Cyp (a1, a2) + (1 — 41) Cp (a1, 02) + (tr + He — 1) Cup (21, 02)

and since:

La 12 a), a2

a)

Q2

 

a, V a2

it follows that:

Cy (a1, 42) = (1 — pe) ay + (1 — pr) ae + (4 + fe — 1) (a1 V ae).

In the same way, for: b) po > by:

Cy (ay, @2) = (1 ~ pe) (a) A a2) + (2 — 11) G2 + bh(a1 V a2)

c) positive interaction: f4) + bo < jug = 1

Cy (ay, @2) = p10) + paz + (1 — py — pe) (a) A Ge)

and d) jt2 < jm:

Cp (a;, 02) = (1 — pr) (a) A ae) + (41 — fe) @) + M2 (a1 V ae).

It ts obvious that the representation is not unique.

4 MADMandthe Logical Representation of the

Discrete Choquet Integral

Thelogical representation of the Choquet integral in multi-attribute decision making

(MADM)is illustrated in this section. A general MADM problem can be reduced

to two steps: (a) preprocessing of the initial values of attributes - normalizations,

and (b) aggregation of normalized attributes values. Sometimes, a fuzzy measure

and a fuzzy integral can be used for aggregation in the presence of interactions

between attributes [6]. In the following simple example are given the application of

the Choquet integral and its logical representation to MADM.
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Example 11 Alternatives A, B and C are described by two attributes. The values
of attributes are given in the following table:

 

 

 

 

ay, a2

A| 1.1] 0.1

BY 0.6| 0.6

Cl 0.1) 1.1     
Alternatives should be arranged (ordered) based on the following two partial require-

ments: (1.) attribute a, is more important than a2, and (2.) attributes a, and ag
are important simultaneously.

(a) In the fuzzy measure approach, these two requirements reduce to the following

two conditions:
1. requirement => [1 > bo

2. requirement > pytuo<bUy=1-

For example, the following fuzzy measure: f, = 1/3; wo = 1/6; and tne = 1;

satisfies the requirements, and after application of the Choquet integral, we obtain

the following ranking of alternatives:

 

 

 

 

rang alternative Cu (a1, a2)

1. B 0.600

2. A 0.488

8. C 0.266    
 

(b) In the approach based on the logical representation of the Choquet integral, we

have the following aggregation function:

Cy(a1,42) = Aya, + Ag@q + Az (a1 A a2)

M4 > 0,4=1,2,3;
Ar > Az Ar +A2+43 =1,

so the problem is reduced to a classical problem of determination of weighted coeffi-

cients but the list of attributes is extended by a new partial requirement - (”gener-

alized attribute”) - the logical expression a, A a2. If we choose 4, = 1/3, Ax = 1/6,

and A3 = 1/2 for weighted coefficients, then we have the same result.

 

 

 

 

  

a, a2 a, Aaq Cu (ai, a2)

A 1.1 0.1 0.1 0.488

B 0.6 0.6 0.6 0.6

C 0.1 Ll 0.1 0.266

y= 1/3!=1/6|\3=1/2      
Definition 8 Partial requirements ("generalized attributes”) are all or some at-
tributes (chosen attributes) (a,@2,...) and/orlogical expressions on attributes (cor-

responding logical expressions on attributes) (a, Aay,...).
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As a consequence, to every partial requirement (generalized attribute”) corre-

spondsa logical fuzzy measure.

Definition 9 A logical fuzzy measure requirement vector is a logical fuzzy mea-

sure vector which corresponds to the analyzed partial requirement (’generalized at-

tribute”).

Example 12 From the previous erample: partial requirements ("generalized at-

tributes”) and corresponding logical fuzzy measure vector requirements are given in

the following table:

LQ), G2

ay

ag

a, A a2 a

 

The fuzzy measure vector of the resulting requiremenis, P, is:

av MPa + doBar + 3Bonan

3

Yi = 1; A; 2 0, j =1,2,3; Ai > da,

i=l

or
La 1 0 0

Ho =A,] 0} +A2}] 1] +A3] 0

Hy2 1 1 1

and for weighted coefficients 4, = 1/3; 42 = 1/6; and 43 = 1/2, the fuzzy measure

of resulting requirements is 4 = 1/3; f2 =1/6; and py. = 1.

Aggregation in MADMbythelogical representation of the Choquetintegralis

reduced to a linear convex combination of partial requirements (generalized at-

tributes”) and/or determination of weight coefficients of partial requirements.

A fuzzy measure (vector) of resulting requirementsis a linear convex combination

of logical fuzzy measure requirement vectors.

Definition 10 The space of consistent fuzzy measure requirement vectors is a fuzzy

measure subspace, generated by linear conver combinations of logical fuzzy measure

requirement vectors (vectors of generalized attributes).

Oneof the main advantages of the logical representation of the discrete Choquet

integral in MADMis the possibility of consistent explanation of a DM’s preference

structure. This will be illustrated by the example of the evaluation of students

according to marks in mathematics, physics andliterature [7].

 



Example 13 [7] The director of a high school has to evaluate his students according

to their level in mathematics (M), physics (P) and literature (L), and he considers
the following three students (marks are given on a scale from 0 to 20).

Student| M| P| L

Gm Pp aL

A 18 16} 10

B 10 12) 18

Cc 14 15 15

The director thinks that: (1.) Scientific subjects (M, P) are more important. (2.)
M and P are more or less similar, and students good at M are in general also good

at P, so that students good at both must not be favored. (3.) Students good at

M (or P) and literature are rather uncommon and must be favored. A consistent
resulting fuzzy measure vector wr must be in the fuzzy subspace - requirement space,

defined as a linear conver combination of fuzzy vectors which correspond to partial

requirements. Thefirst requirement is actually the subspace defined by the following

Nubay tpeb +E, Ny = Ap >A Ae t Apt AL = 1,

u > 0,Ap > 0, Az > 0.

 

 

 

 

    
   

 

 

 

 

where:

im Be BL eMP BML pL PMpL Cy, (@m, @p, az)
ey 11010, 1 1 0 1 amu
getotatol i |o0) 2). 2 dy
wElololi)o 1 )2) 4 Gr          
 

The second and third requirement are defined by the following fuzzy logical vectors:
 

im ep] ue emp ee MPL eupy Cy, (am, ap, az)
Exp 1{[i2]o]{ 2 1 1 1 ay V ap

Hiuvert| O[ Of Of 0

|

1 [1

it

1

|

@uVap)Aar

 

 

          
 

So, the consistent requirement fuzzy subspace is defined by the following linear conver

combination:

e AmBig + ApRE +ALL + AmvpBip + Auaveyat2MvPyae
dy Aw = 1, AW > 9, W={M,P,L,MvVP,(MVP)AL}.
wew

It follows that the fuzzy measure requirement can be expressed as a function of

weighted coefficients of partial requirements:

lim 10010
Lp 0101 0 AM

LL 00100 Ap

tmp {|={]1 101 O}¥} A ;

UML 10111 AMVP
LPL oO1i1i141 A(MVP)AL
EMPL 11111

81

 



where:

So dw=1 dAw>0, weW={M,P,L,MVP,(MVP)AL}.
wew

These requirements are by [16] directly expressed as the following fuzzy measure:
Lim = pp = 0.45, wr = 0.30, ump = 0.5, uur = 0.9, up, = 0.9, up, = 1. But, this

fuzzy measure is outside of the fuzzy measure subspace of the consistent requirements!

The logical representation of the discrete Choquet integral for the consistent fuzzy

measure requirement 7s

Cu (am, @p, ar) = Ayay + Apap + Aya, + Amvp(am V ap)

+X(mvpyat((au V ap) A az)

Dwew Aw =1, Aw >0, W={M,P,L,MVP,(MVP)AL}.

Objects offurther decisions could be only the values of weights for subjects M, P and

Ldn, Ap, and r,, redundancy of simultaneous success in M - P Ayyp, interaction of

simultaneous success in M or P and L Aumypya. It ts obvious that it is not possible

to find such values for weights that give as a result the fuzzy measure proposed in [7].

If the proposed relation 8:3:2 is kept for M, P and L and if these interactions are

of the same importance, and all interactions and all subjects are also of the same

importance, then the following values could be accepted for weights: \y = Ap =

3/16, Ar = 1/8, A~mve) = A~mvpyaL = 1/4. The corresponding fuzzy measure is:

bm = 7/16; pp = 7/16; wp = 2/16; pyp = 17/16; pye = 13/16; wp, = 13/16;

Lumpy = 1, implying the following results:

 

 

 

 

 

  

Student M P L MorP (MorP)andL
Qj; amu ap ay ay V ap (ay V ap) Aam + wiai

A 18 16 10 18 10 13.5000

B 10 12 18 12 12 12.1875

C 14 15 15 15 15 14.8125

W; 3/16 3/16 2/16 4/16 4/16       
 

5 Logical Fuzzy Measures and Two Other Mea-

sure Representations

There are two other representations of a measure: (a) the Mébius and (b) the

interaction representation. Here are introduced a logical Mébius transform for a

logical fuzzy measure anda logical interaction index.

5.1 The logical Mébius transform

Definition 11 The Mobius transform of a fuzzy measure p, is a set function on Q

defined by

m(A):= So (-1)4\"!y(B), VACQ.
BCA
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The transformation is invertible, and y can be recovered from m by

p(A) = >» m(B), VACQ.
BCA

The Mdbius transform of a fuzzy measure ona finite set can be represented as a

Mobius vector 7, with 2” components, where n = {Q|, (or 2" — 1 since component

m (0) = 0 is trivial).

Definition 12 The components of the Mobius vector, of a finite set of attributes,

are the Mébius coefficients of the elements of the power set P (Q).

Definition 13 A space defined by all possible Mébius vectors is a Mobius vector

(measure) space.

Definition 14 Logical Mébius coefficients m’ (A), VA C Q, are obtained from the

Mobius transform of logical fuzzy measures p*.

Example 14 The values of logical Mobius coefficients - components of Mébius vec-

tors, for logical fuzzy measures, in the case of two attributes, are given in the fol-

lowing table:
 

 

 

 

    

my, M2} my Cu (ay, G2)

mea. ray 0 0 1 a, Aa

me, 1} alo ay
me, 0| 11 0 ay

meavor 1 1 -1 a, V a    
or, in the Mobius vector space (Fig.2).

 

Figure 2: MObius vector space
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Example 15 Mobius coefficients for logical fuzzy measures, in the case of three

attributes, are given in the following table:

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

my M2 ™3 Mi2 Mig M3 M123 Cy (a1, 2, a3)

Maragras O O O 0 0 0 1 (a, A az A a3)

mean: 0|0)0}1}0 {0 0 (a; A az)
™ a1 Aas 0| 0; 90 0 1 0 0 (a, A a3)

mean 0} 0)/0}]0);0{1 0 (ap A a3)
Mai a(agvaz3) O O 0 1 1 0 —1 a, A (a2 V a3)

Mara(aivas) 0 0 0 1 0 1 —1 a2 A (a, V a3)

Masn(aiva,) O O 0 0 1 1 -1 az A (a; V a2)

me(a:na,) 0 0 0 1 1 1 —2

|

Vijai23 (a; A a;)

meg, ilo/oloj}ojo]|o a
me, oli1lojof{ol]o01] 0 ay
mea, ojoj1]o]oj]0] 0 a3

M*arv(arraz) 1 O O O 0 1 -1 a; V (ap A a3)

Mm aV(arAaa) 0 1 0 0 1 0 -1 a2 V (a, Aa3)

Magviarraz) O O 1 1 0 0 -1 a3 V (a; A a2)

Mm” ava 1; 1/]0]-11 0 0 0 (a; V a2)

Mm” aivaz 1]o/]1 -1] 0 0 (a; V a3)

Me” ayVag 0 1 1 0 -1 0 (az V a3)

MM a,Va2Va3 1 1 1 -1/ -1] -1 1 (a, V a2 V a3)           
Proposition 4 Mébius coefficients for an arbitrary measure tt can be expressed as

a conver combination of corresponding logical Mobius coefficients me (A), VA CQ,

q=1,..,Q.
Q

m(A) = > Agms (A).
q=l .

or, in the vector form
Q

m=>- dyn’,
q=l

Proof. Follows from the linearity of m.

Example 16 An arbitrary Mébius vector m for two attributes can be represented

by logical Mébius vectors me, w € {a1 A a2, a1, G2, a; V ag}; defined in Example 13

as follows:

m = > wm, W = {a, A ag, a), a2, a) V a2}

wew

 



where

Ss, Aw = 1, Aw > 0, W = {a, A ag, a1, G2, a1 V ag}

wew

and for the special cases:

 

 

 

 

  

my +tm:,>1!)m.>m,}my+m. <1] me<m

Xai hay 0 1l—m, l—m, — mp, l-m

Xa 1- Mag 0 my Mm, — Mo |

Nas 1l—m, M2—-—™M, my 0

XaiVvaz M1 +M,—-1 my 0 my     
 

5.2 Logical index of importance and interaction index

The interaction index defines the interactions between subsets of attributes.

Definition 15 /7) Let u be a fuzzy measure on 2. The interaction inder for subset
AC is defined by

n-|A|

Was ee Ye (Pape
k=0 KCO\A,|K|=k PCA

with Gf = (n—k — p)tk!/(n—pt 1).

In [7] it is shown that special cases of this interaction index are:
(a) For A = {7}, the Shapley index v;

n-1

w= om do (Hix ~ ux)
k=0 KCO\i|K|=k

with ye := (n —k — 1)!k!/n!, and

(b) For A = {1,7}, the interaction index of two attributes Jj;

n-2

Tg= SOG SO (Mik — Mex — WK + UK)
k=0 KCO\{ig}

|Kl=k

with ¢ :=.(n —k — 2)IkI/ (n-— 1)!
Anyinteraction index of a finite set of attributes (players), can be represented

as an interaction vector T, with 2” components, where n = |QQ|.

Definition 16 Interaction vector components of a finite set of attributes are inter-

action indices of the elements of the power set P (Q).

Definition 17 A space defined by all possible interaction vectors is an interaction

vector (measure) space.
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Definition 18 The logical interaction index I* (A) for subset A C Q is the inter-
action index defined by logical fuzzy measure py.

Example 17 Values of the logical interaction inderes - components of logical inter-

action vectors, and corresponding logical interpretation of Choquet integral, in case

of two attributes, are given in the following table:

I Q1, a2

1 a; Aag

0 a,

0 ag

 

I av -1 a, V a2

or, in the interaction vector space (Figure 3.)

Example 18 Interaction logical vectors - interaction indices for logical fuzzy mea-

sures, in the case of three attributes, are given in the following table:

Tey Jey L Ts Ts 1 \Q1, G2, @3

a, A dg A a3

a, Aag

a, A a3

az Aag3

a; A (a2 V ag

a2 A (a; V ag

a3 A (a; V ae

V a; A

Q)

a2

a3

a, V (a2 Aa3

a2 V (a, A ag

az V (a, A ag

a, V a2

aiV a) V a

anv Qo V a3 a1 VagVi a, V a2 V a3

Proposition 5 The interaction indez I(A) VA CQ, for an arbitrary measure 2 can

be represented as a conver combination of corresponding logical interaction indices

I} (A), q=1,...,Q.

I(A)= s gly (A).

86

 



Proof. Follows from the linearity of pu.

 

 

Figure 3: Interaction vector space

Example 19 An arbitrary interaction vector T for two attributes (players) can be

represented by logical interaction where interaction vectors, Ivy,

w € {a, A G2, Q1, 42, a1 V a2}; defined in the example 13 as follows:

T = ryle, W= {a1 A ag, a, a2, aV ag}

wew

where

So Aw=1, Aw >0, W = {a1 A az, a1, a2, 01 V ap}
wew

and for the special cases:

 

 

 

 

  

redundance: Ip <O0|h>h positive interaction: Ig >O0}l<h

A 0 T+ $l lia In + 3h
2 I +ihe 0 dy = She IL-Ih

A3 In + $hie h-h In — Sie 0
M4 la I, — hie 0 Iz — $]i     
 

6 Conclusion

In this paper an equivalent representation, the logical representation, of the discrete

Choquetintegralis given. The logical representation of the discrete Choquet integral

is based on: (a) linearity of the discrete Choquet integral by measures; (b) the logical

fuzzy measures with clear interpretation by Choquet integral, and (c) the property

that any fuzzy measure can be represented as a convex combination oflogical fuzzy

measures.
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The logical representation consists of a convex combination of logical expres-

sions over the relevant elements of the powerset of partial similarities. The logical

expressions contain the AND and ORlogical operators (defined as min and maz,

respectively), and their combinations.

The logical representation of the discrete Choquet integral offers an easy formal-

ization of a desired preference structure in case of MADM.Till now,in practice,it

has been very hard to achieve desired characteristics directly by a fuzzy measure[7].

Actually, desired interactions among attributes are defined as the logical ex-

pressions and therelative importance of interactions by weighting factors of convex

combination. AND logical operator is used for modeling the positive interaction

among attributes, and OR for redundance. It is shown that this result is also ap-

plicable to the two remaining ways of representing discrete measures: (a) Mdbius

transformation, and (b) interaction among the subsets of attributes.
Application of the logical representation of discrete Choquet integral to a classi-

fication problem in the presence of interaction between attributes will be the subject

of a forthcoming paper.

In future work these results will be extended to cases with negative interactions

among attributes, based on [15].
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