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Summary.

Expressions are derived for the mean value and variance of the areas
of exceedance of functional bounds for second order stochastic process X (1)
in the interval (0, T) and applied specially to normal stochastic processes
Finally, bounds for exceedance planning are obtained.

1. Introduction.

In the study of the behaviour of the stochastic process associated
with the deterioration or aging of many engineering systems, one of the
performance indexes used is the random time that the stochastic process
exceeds some previous bounds.

A close scruting of the problem suggests that in many situations, as
deterioration studies, the random amount of time spent outside the bounds
is not very important provided that the amount of exceedance is small and,
on contrary, if the amount of exceedance is large the deterioration of the
system may be very large even if the time of exceedance is short,

The dcterioration may be considered, in simple cases, simultancously
proportional to the intensity and the duration of the exceedance, that is, to
the area in which the excursion of the stochastic process exceeds the bounds.
We can even, more generally, introduce a response function or deterioration
intensity, the area corresponding to the proportional response function.

In many situations we can, only, be interested in upper or lower exceed-
ances (that is, the exceedance of the upper or lower bounds); we will also
consider, for the exceedance of both bounds, the case in which there is no
compensation by the exceedance of the bounds as well as the case in which
the exceedances, having different signs, may compensate the effects.

The bounds are considered as levels of risky situations to be avoided ;
we will assume that they may be wvariable with time,

A study of this problem for a normal stationary process was made by
Leadbetter (1963).
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2. Basic Results.

Let X(#) (0 < t < <o) be a second order stochastic process with an
almost surely continuous sample function, mean value function p(f), variance
function ¢*(f) and correlation function p (£, 5) |the correlation between X (¥)

and X (s)].
Let /(f) and ;(f) [— o < b(y) < Z(i) < + | be the bounds in

whose exceedance we are interested. In practical problems we will, in general,
use bounds such that

biH) < p(t) < b0, (1)
and, even more, symmetric bounds such that

bie) + by = 2u(). (2)

Associated with the stochastic process we can define two exceedance
stochastic processes (upper and lower) as

Y() = X(@) — b0y if X > b()
= if X(5) < b() 3)
and
Y() = b — X@) if X() < b()
= 19 if X() > b()). (4)

The total exceedance Y (/) and net exceedance Y, () stochastic processes
are evidently given by the relations
Y = X + Y@ = [Ye()]
Yo(r) = Y(1) — X() (5)

Y(4), Y(1) and Y (4) are always non-negative.

The random areas of exceedance are then, for the interval (0, T),

upper exceedance area K(T) = j r‘x—’(r) dt
a

lower exceedance area A(T) = f Y () 4t
0
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i

total exceedance area A(T) = f Y () dt = K(T) + A(T)
o

b

net exceedance area Ay (T) = f Yo dt = A(T) — A(T).

o

The two random variables K(T) and A(T) are evidently the basic ones
and, in the sequel we will deal only with them. Let, then, denote by
m(T), m(T), 3*(T), $*(T) and r{T) the mean values, variances and correla-
tion coefficient of I\(T) and A(T); the analogous values for the other areas
are immediately deduced from previous formulae.

We will compute, now, the general expressions of this quantities. Let
F(x;f) and G(x, ¥:4 5) be the distribution functions of X(#) and of the

pair [X(7), X(9)].

The mean values have then the expressions (/7 denoting the mean value

operator)
T T —

W(T) = fn m [Y()] dt = j UW [t — F(x;9)] dx} & (6

and similarly
()

m(T) = f: Um F(x;7) M di (7)

For the computation of the variances and covariances we have

5:(T) = f JT f: cov [Y (1), Y(5)] 4t ds

with
ov 0. YOI = [ [ [Olayind—F)Eildxdy ()
2 = [ [ cov [X(@). X dr ds
with

b{L) bis)

v 120, Y0l = [ (1659~ FwnE il dedy ©

-0

and /(1) 30 (1) = [ f cov [Y (1), Y.(5)] dt ds



6 Revue de Statistigue — Tijdschrift voor Statistick G (1), 1965 .

with
b(‘s)
cov [Y f f E(y; 5) —G(x, 354 5)] dx dy (10)
hit)
In the cases of symmetry we have :
m(T) = m(T)
(1) = «(T). (11)

3. Some Special Processes.

Let us now suppose that X({7) — u(7) [ o(t) is stationary of first order,
that is,

Fx;f) = Fy[x — u(t) [ o(2) (12)
and let G, be such

G(x,y:48) = Gyx — plt 8 [ alt), ¥ — ) [o(s); 1, 4] (13)
Supposing, also, that the reduced bounds are constants 8 and 8 we have

T

T} = f:u — )l dx - ol &

T

) = [ Bl ds . [ o)

PT) = f ’ I " ) o) { fﬁ B L [Go Gt 552, ) — Foled) Eslyl] dxdy} dt ds
(14)

#(T) = LT j;T a(t) o(s) {fi f:“: [Go (2, 32, 5) — Fy(x) Fo(y)] dx dyz dt ds

and

r(T) o(T) 5(T)

:f: f:g( {fif kBl s ff]dxdy}dtdj (15)

Let us, finally, consider a normal stochastic process. It satisfies pre-
vious considerations with F,(x) = &(x) the standard normal distribution
function and G, (x, y; £, 5) = @ (%, y) the binormal distribution function

with standard margins and correiahon coefficient p = p (4, 5); we will also

suppose the symmetry of the reduced bounds B=r¢>o0, B =—c.
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Applying the formulae obtained we have, owing to the development

5,60 = I Lo e 90 0) (16
given in Cramer (1946),
w(T) = m(T) = fﬂ o(f) dt fm 1 — &(x)] dx (17)

ﬁf f 1) o (s) U mfm @ (x3) — () 20)] a’xdyzdt.dlx
—f f 3 ”;![Qun(c)]z { dt ds | (18)

i=1

where Q(x¥) = 1 — ®(x) (using integration by parts) anci, als.g;-,

#(T) 5 J' f o?) o;{ (——[wa()]}d:d;
(19)

Let us apply, now, those considerations to the normal stationary and
brownian motion stochastic processes.

In the first case we have p (s, 5) = p (|t — 5|) and o(r) = 1 (say) so
that

w(T) = m(T) = T. fw L — ()] dx (20)

; (j-1) o
EOp (T gl dr @)
1 7: 0

b 8

72(T) = #£(T) = 2

and
i - QU |
D M =2 3 0 [ TP dr @)
=1 f o
which are contained in Leadbetter {1963) results.

For the brownian motion process as we have u(f) = 0, o(f) = \/; (say)

and p(t,5) = min (4 9) [ \/.t—_r we obtain, after simple computations,
2 +o0 )
M) = mn) = — T [ L — o] d (23)
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BT = o) = ~ 1 5 [QEPOF
B = e=- B T (24)

and
() M) = 1 5 gy REPOP
R = B et (25)
from which follows that .
?(T) = § (— 1)i &ﬂ § [_Q_H_(c_)]_ (26)

i-1 HG+3) 7 a G+ 3)

independent of T, a result that could be expected.

4. Exceedance Planning.

Let us deal now with the problem of obtaining information for planning,
based on previous sample results. For simplicity of exposition we will deal
only with the essentially positive total area, the signed net area and the
upper and lower areas being dealt with similarly. -

Let A(T), ..., Ay(T) be a sample of 7 random total areas for # excur-
sions of the stochastic process X(f) and let K(a) be the distribution function
of the (random) total area A(T).

For the next observation of an excursion of the stochastic process we
have

+00

Prob {A,,,(T) < max [A,(T), ..., A(T)]) = f K(a) dK"(2) = njm+1;

o

if we have 19 excursions of the stochastic process, for instance, the pro-
bability that in the 20th excursion the maximum of the observed total areas
will be exceeded is 5.

We could suggest the use of a safety factor v (> 1) — see Freudenthal
(1963) — and search what is the value of

inf Prob {A, ,(T) < max ([A,(T), ..., A(T)]} = nfn+ 1.
It is sufficient to take the family of distribution functions
K@ =0 if a <0

=& if 0<a<1 (r>0
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to obtain
inf J K (va) dK* () = nfn +1;

as it stands the lower bound cannot be improved. The same san be said
about the more general problem dealt with in the following.

Consider now the question of evaluating the probability that, from a
previous sample of » excursions of a stochastic process, in the next m excur-
sions the total area will be between the jth and jth ordered total areas. Its
value is evidently given by

n!

(—1)(G—i—1)(n—))!

ff Ki-1(3)] K(z) — K@it 1 —K(z)]™] dK(y) dK(2)

0Ly | >
7! (j—i—1+ m)!

+ml —i—1)!

(27)

so that for » and m fixed we can search the values of 7/ and j to obtain
some level of probability, provided they are compatible; see Tiago de Oli-
veira (1952).

The use of a safety factor for the average does not seem very pro-
mising for exceedance planning, as it can be easily seen.
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