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1. Introduction

This paper is devoted to an anslyais of the claose relationship
between geometric programming and entropy maximizing models. It will be
proved that entropy maximizing models are a sub=class of geometric pro-
gramming models, and that the concept of entropy can be interpreted and
generalized by means of geometric programming. In addition, an illustra-

tion in the field of spatial analysis will be given.

Geometrnic Proghamming.,

Geometric programming is a recently developed method for handling
a broad class of nonlinear programming problems [(see Duffin et al. (1967)),
It is useful for propramming pronlems written as posynomial , i.e. pasitive
sums of multiplicative power functions. The standard format of a (primal)

geometric program is @

0 ED aO aD 0 aG
min o= 2 11 y 12 x 1I i m G 21 22 x yas i
m 5 ree Xy az X9 5 ers Xg e
gk
- a1 1 a1 L
11 32 11 21 22
(& X X vee X * b X i |
i | 2 T 12 1 2 > (5.1
aK K. aK K. aK
5 g %12 P P N _—
k1 %1 X s Xp k2 %1 X, e iew £
Xy 0 0L+ 1, seae 1) A
The coefficients of this program are denoted by o (k =0, 1,
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seey Ki 31, vea, J), i.8. the coefficient in the jth term of the kth
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side=condition (k = 0 means the objective function itself). These coeffi-
clents are assumed to be positive (hence the name 'posynomials'). The expo-
nent a;i denotes the exponent in the jth term of the kth side-condition
related to the :‘Lth variable (i = 1, ..., I).

Geometric programming has been developed first in chemical equili=-
brium systems, and is now also heing used in economics and regional science
(see, far instance, Nijkamp (1972) and Nijkamp and Paelinck (1872)).

The previcus (primal geametric program is hard to salve, hut it
has a dual formulation which is more manageable. On denoting the dual varia-

bles hy pkj the dual program reads as
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The dual programme is more tractable owing to the linear equality restric-
tions. Since the primal and dual programmes are related to each other by
means of primal-dual relationships, one needs to solve only the dual pro-
gramme in order to find the primal solution. The solution of the dual geo-
metric programme and the identification of active ar inactive primel con-
straints makes use of a constrained gradient method, which is a particular
kind of a so-callad hill-climbing method, This solution algarithm as well
as an application to the planning strategy of new activities in an indus-

trial complex is contained in Nijkamp (1972).
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Tt is obvious that there should be a one-to-one relationship between

the primal variables 5 and the dual variables ij at the optimum. These rela-
tionships are according to Duffin et al. (1967) equal to
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in which Rk represents the Lagrange multiplier associated with the kth
constraint of (2.1).

In case of an optimum solution of a normal programming model, the
value of the primal and dual objective function should be equal (the so-
called "duality~theorem’)., Similarly, the value of a primal peometric abje.-
tive function 1s at the optimum exactly equal to the value of the dual geo-

metric objective function.
The concept 04 Entropd.

Modern scientific research is predominantly characterized by a for-
mal, conceptual way of thinking. More and more attempts are being made at
modelling phenomena and systems at various scales. The rise of entropy maxni-
mizing models fits precisely into this pattern.

The concept of entropy is originally derived from thermodynamics
(see, for instance, Fast (1970)}. Closed physical systems can adopt numerous
states. In general, however, the elements of such a system tend towards an
arrangement which can be organized in as many ways as possible (a maximum
'disorder'). Such a tendency is called the maximization of the entropy of a
system : for a closed physical system a situation of disorder is much more
probable than an ordered situation.

In addition to the physieal concept of entropy, this concept plays
an important role in ZnformatZon theory (see, for instance, Theil (1867]).

In the latter theory entropy represents expected information : it indicates
the degree of uncertainty about the realizations of events in information
systems, represented by a discrete probability distribution (see, for instance,
Jaynes (1957)). The mathematical specification of entropy in information sys-

tems bears a close resemblance to that used in physics, for both concepts are
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based on a common statistical background.

The major part of modern science is concerned with systems, in the
sense of entities consisting of specialized, interdependent parts (see
Berry (1964)), Therefore, it is understandable that the concept of entrapy
is frequently being used in order to obtain insight into the uncertainty of
systems., In this analogous way, the notion of entropy is introduced into the
social sciences (hence the name "social physics'), Recently the concept of
entropy has also found applications in reglanal systems (for instance, trip
distribution, freight flows, migration flows, and activity allocations). The
rather involved spatial processes are overloaded with uncertainties, The
entropy concept attempts determining the most probable spatial configurations
of a system which can adopt numerous uncertain spatial states. This implies
that entropy in regional research is a probability eoncept, deseribing the

outcome of a stoehastie process.

In accordance with the distinction set out above between entropy in
physics and in information theory, a twofold use of entropy in regional research
may be distinguished.

In the first place, entropy can be used as a descriptive device,
based on the assumption of a spatial eguilibrium., Such a most probable state
of a system corresponds with a maximum entropy of the system, In this way one
arrives at the general specification of a gravity model between spatial enti-
tles (see, for instance, Wilson (1970), Batty [197063, Cordey Hayes and Wilson
(1871)). The entropy maximizing models permit the determination of "most pro=
bable” spatial flows of commodities, migration, etc. By assessing the parame=-
ters associated with the resulting gravity model ane ceuld use the entropy
approach for the projection of future spatial flows, but here some difficul-
ties arise, due to the unknown values of the associated dual variables.

Secondly, entropy can be used as a measure for the degree of orga-
nization in a spatial system. In this way the concept of entropy is a tool for
studying spatial differentiation, for instance, hy inspecting whether certain
spatial confipurations are completely arbitrary and disordered, or whether
these confipurations show a certain degree of spatial organization or regula-
rity, Attempts in this field have been made among others by Berry (1964),
Medvedkow (1966), Burevitch (1969}, and Semple and Gauthier (18723,

In this paper the rather 'mechanical’ working of the entropy models

will be re-considered. In the first place, it will be shown that entropy
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mazimiaing models are a sub-class of a more general elass of models, viz.
geometrie programming models. This implies that the freguently too simple
specification of entropy maximizing models can easily be extended by ad=
ditional constraints on spatial patterns. These more general entropy maxi-
mizing models do not result in the simple gravity solutions of the original
entropy maximizing models, but a recently developed solution method for
geometric programming allows efficient determination of the optimum results.
Furthermore, it will be proved that entropy marimizing models
possesas a dual formulation, which shows the close links between the gravity
approach and the entropy approach. This dual formulation of the original
entropy maximizing models allows a more appropriate interpretation of entropy

in terms of economic preferences and constraints.

Entropy maximizing models in negional nesearch,

The use of entropy models will be illustrated by means of a spatial
application, Entropy models are currently used in many fields of spatial
analysis : trip distribution, transport and traffic flows, location models,
allocation models for consumer expenditures, interregional freight flows, etc.
This entropy concept is related to the state of a system; it is characteris=
tic concerning the assignment of elements to a spatial structure. In this
paper major attention will be paid to journey=to-work decisions of workers
travelling from zone 1 to zone j. It is obvious, however, that a similar
reasoning can be applied to all other problems concerning the (spatial) dis=
tribution of flows.

There are numerous possibilities to assign the journey-to-work
flows of an origin-destination table, supposing the number of worker residen=-
ces and jobs is given. Each particular spatial configuration can be obtained
in many different ways, dependent cn the number of possible states associlated
with a certaln configuration. Anyhow, each distribution of flows within an
origin-destination table should satisfy a set of additZvity conditlons.

First, one defines the following variables

Tij : (unknown) number of persons living in zone i and warking in zone j;
Di : [known) total number of workers living in zone i;

Dj : (known) tatal number of jobs provided in zone J:

Dij : (knwon) unit cost of travelling from zone i to zone J;

G : (knawn) total travel budget.



Then the additivity conditions of the urban or regional travel system can

be written as
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Next, one may ask : which spatial distribution of the trips is the
most probable arrangement within the system defined by (4.1) - (4,3) ?
According to the entropy assumption the most probable arrangement is formed
by the spatial configuration which possesses the greatest number of states
assoclated with it. If one denotes the total number of workers within the
system by T, i.e.,

I J
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the number of ways the individuals can be assigned to a particular origin-

destination table with elements Tij is equal to :

T
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The maximum value of w(Tij) represents the maximum number of assignments of
workers to an origin-destination matrix. This maximum number of states of a
spatial configuration dominates the number of states of alternative arran=-
gements to such a degree, that the spatial allocation of the trips associated
with the maximum is ths most likely one. This implies that the entropy
approach is a probability approach : the 'optimal’ spatial arrangement of a
system is formed by the most probable arrangement, which is characterized by
the fact that m[Tij] of this arrangement is at a maximum.

Since m[Tij] is invariant apainst a monotonically increasing trans-
formation, the objective function of the spatial system can be written in a

logarithmic form as :
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or after Stirling's approximatiaon :
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Since 1n T! is a constant, it can be left out of consideration in the maxi-

mization procedure, so that the ultimate program to be solved is
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The outcome of program (4.8) is easily obtained by canstructing a

Lagrangean function L for this constreined maximizatian problem, 1.2,
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where li' uj and Bare the Lagrange multipliers associated with (4.1), (4.2)
and (4.3), respectively.

The necessary conditions for the maximum are
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and :
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It can be proved that the second-order conditions for a maximum are alsao
satisfied (1n w[Tij] is a concave function), so that there is only one
(absolute) maximum.

The final result (4,14) represents the most probable flow between
each noint of origin 1 and each point of destination j. This distribution
function of the flows within the system concerned appears to possess a
gravity specification. Such a gravity model is freguently used in regional
research in order to analyse or estimate the flows between two spatial masses.
The spatial distribution of trips, represented by (4.14), can be used for
several purposes.

In the first place, the result can be used to derive an "optimal”
(i.e. most likely) trip distribution in a spatial system, given Di' Dj and
C. This implies that the most probable state of the system will he determined
on the basis of the known totals Di' Dj and C. Then one has to determine
first the parameters Ai' Ej and f. Such a (numerical) estimation can be car-
ried out in an iterative way, for instance by starting with initial values
of all Bj's and of , by calculating the resulting values of all Ai's by
means of (4.15), by calculating in its turn a new series of Bj by means of
(4.14), and so forth, until the procedure converges to an equilibrium point.
By substituting the resulting values of Ai and Bj into (4,14}, and, next, by
substituting Tij into (4.3), one can try to calibrate B, given the value C.



Dnchi, Ej and B have been assessed, the ‘optimal’ (i.e., most likely) flows
Tij can be determined. Such a most probable equilibrium state can be used as
a planning objective in a spatial system. Next, if C is unknown (which is
frequently the case), Ai and Bj can be estimated up to a multiplicative
constant {viz., the exponential cost function). By varying the parameter B,
different states of the system are found. In this way one might also ap-
proximate the aetual state of the system for a particular value of 8. As

a further step formula [4.15) can be used for projecting spatial flows. Then
the aectual observations on Ti from the past are used to estimate the unknown

]

parameters Ai' B. and B. In this case, the parameters Ai' Bj and B are deter=-

mined by means oi regression methods (or alternative numerical methods; see,
for instance, Batty [197Db], Batty and Mackie [1972), Chisholm and 0°Sulli-
van (1973), Hyman (1969), Wilson et al. (1869)). One might, for instance,

take the natural logarithm from both sides of (4.15). Then, by assuming that
can be explained from Di, D

and €y one can estimate the corresponding

Tij 3 3
parameters. Once the parameters Ai’ Bj and B are known, (4.15) can be used as
a relationship projecting the most likely future development of the spatial
system concerned, given the knowledge of Di and Dj' One shaould keep in mind,
however, the special assumption implicit in the invariance of ki, “j and B,
whereas it 1s obvious that a change in the future structure of the system

will affect the dual variables,
Entropy and Geometric Proghamming.

The entropy model described in the previous paragraph can be re-
presented in an alternative way, which is closely linked up with the pro-
bability approach implicit in information theory. If one defines the rela=

tive proportion :
-
13
B 541
Pig °°F (5.1)

one may interpret pij as the probability that a trip from i to j will he
undertaken, It is obvious that the probabilities add up to one, since ac-

cording to (4.4) the individual trips Tij satisfy the additional condition
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Next, if one substitutes (5.1 into 1n w[Tij]' one obtains

1n m[TiJ] = 1n w(pij] (5437
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By making use of (5.2) one may write (5.3) as :

A |
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Because T(In T - 1) is a constant, it can be left out of consideration in
the maximization procedure. Furthermore, the objective function is invariant
against a monotonically increasing transformation, so that the ultimate ob-

Jective function equivalent to (5.3) is

T J
0 = = - F ¥ .
1n w[pi ) e Dij in pij (5.5)

The latter expression is a measurs of uncertainty, introduced in
information theory by Shannon and Weaver (1949); it is called the entropy
of a probahility distribution of pij. Wilson (1970) has proved that (5.5)
is a unique, unambiguous measure of uncertainty. The latter expression is
also valid in smaller systems, since the derivation of the entropy of a pro-
bability distribution can be carried out without making use of Stirling®s
approximation (Wilson, 1970).

In a similar way the constraints (4.1) = [4.3) can be rewritten

by means of (5.1). One finds successively

J
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Therefore, the ultimate program to be solved is to maximize (5.5) subject to

(5.2) and [(5.B) -~ (5.8). This program can be re-specified as :
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The previous entropy model appears to be a special member of a broad class

of models, viz. geometric programming models. This can easily be seen by

taking the logarithm of the dual objective function in (2.2)
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It is easily seen that (5.10) is a generalization of (5.9) so that
an entropy maximizing model is essentially a specific type of a dual geome-
tric model., This implies that in addition to (4.1), (4.2) and (4,3) rany
other, alternative constraints can be taken into censideration (for instance,
congestion, trip distribution, etc.). By adding more constraints it will
become extremely difficult to derive a simple gravity solution such as (4.14),
but since this extended program corresponds to a geometric program, one can
use a constrained gradient method to solve this program, albeit that is this
way not an analytical, but a numerical solution will be obtained. Therefore,
one may conclude that extensiens of the elementary entropy maximizing models
can easlly be handled by means of geometric programming.

Finally, some attention will be paid to the relationship between
entropy, Baysesian statistics and geometric programming. There is a close
relationship between entropy maximizing models and Baysesian statistics,
because there is a close correspondence between the entropy objective func-
tion and the likelihood function of a set of random variables in statistical
analysis. Baysesian statistics includes subjective elements, caused by the
use of certain prior information. This pgives rise té conditional probabili=-
ties, viz. the probability that certain events will sccur, given a certain
state of prier knowledge. Theil (1967) has also dealt with these conditional
probabilities in the entropy approach to information theory. The use of con=
ditional probabilities will now be proved to provide more insight into the
close relationship between entropy and geometric programming.

It has already been stated that pi is the probability that a trip

J
originating in zone i will terminate in zone j. The entropy of the probability
distribution of p is represented in (5.5). Next, one defines

1]

|
Py = I p (5.31)

as the probability of a trip fraom i (i.e., the probability of the marginal
distribution of the trip). By means of vertain operations derived from pro=
bability theory (see Appendix) one may create an expression for the average
conditional entropy of the trips terminating in all zones of destination,
given the condition that the marginal probabilities of the trips moving from
each zones of origin are known. This average conditional entropy is according

to (A.2) equal to
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By comparing (5.12) with (5.10) it is easily seen that the average conditio=
nal entropy possesses approximately the standard format of a dual geometric
objective function. Inversely, one may conclude that a dual geometric program
is essentially a general formulation of an average conditional entropy expres—
sion. This important conclusion proves also that there is no essential diffe-

rence hetween entropy maximizing models and normal programming models.

6. A dual entropy Modef.

Entropy models are a speclal sub-class of dual geometric program-
ming models. As each dual programming model is related in a one-to-one way
to a primal program, it is worthwhile to consider a primal geometric program,
and to inspect whether an entropy model can also he interpreted with the aid
of a primal geometric program. This might illuminate the working and the es-
sence of entropy maximizing models. This is completely in line with the clas=
sical linear programming models : if such a primal program relates to guanti-
ties (for instance, spatial flows), the corresponding dual program describes
the price or cost side (by means of shadow prices). In a similar way an
attempt will be made here to derive and to interpret shadow {or dual) varia-
bles associated with a normal entropy model. Such a dual version of an entropy

maximizing model will be proved to correspond to a primal geometric program.

Suppose, one assumes the most elementary entropy model

J
max == L p. lnp
j=7 J
s.t. J
© (6.1)
J
I p, =1
3= 9 ;

Tt is evident that without additional constraints the entropy is at a maxi-
mum if all probabilities are egual (see alse Richter (1963, p.67)), i.e.,
o
.1 s = 1 3 (6.2)
pj 7 3 G e .
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Then the maximum entropy is equal to
Q=1n J , (6.3)
whereas the anti-log Sg of (6.3) is

Q=g =] (6.4)

If one writes the entropy madel (5.1) as a (degenerated) dual

geometric program (see (5.10)), one will obtain

max § = P (In 1 - 1In pll + e *+ nJiln 1~ 1n pJJ
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It is obvious that in the simplified entropy model (6,1) all parameters
k
aji from the dual geometric program (5,10) are equal to zero. The dual
version of the entropy model (6.5) (i.e. the primal version of the dual

geometric model (6,5)) can easily be found by means of (2.1)

?xg e xD toeas 2] (6.8)

min =] xGxU xD + T
P % Saipig ey iy, 4 1

Evidently, there are no side=conditions in (B.6), as (6.5) does not

include the parameters a;i (k =1, vuv, K), 50 that (6.6) is also a dege=
nerated program. It should be noted that the 'optimum' value of (6.6), i.e.
J, is exactly equal to the optimum value of the dual objective function
(5.4). By means of (2.3) one can easily check that the outcome (6,2) is

also correct,

Next, the entropy model discussed in section 5 will he consgi=-
dered. In a way similar to that described above, the dual version of this
entropy model will be derived and interpreted as a primal geometric program,
It has already been stated that the entropy is invariant against a monotonic
increasing transformation, so that maximizing (5.,4) is equivalent to maxi-
mizing (5.5). In order to facilitate the dual version of an entropy model,
the following monotonic increasing transformation of (5.4) is chosen as an

entropy function :
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For the sake of clarity, 3 points of origin and 3 points

destination are assumed. Then the entropy model can be written as
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Program (8.8) contains 10 variables, viz. 9 unknown variables Py
one known variable 1, It is easily seen that program (6,8) is equivalent
to the dual geometric program (5.10). Therefore, by means of (2.1) the

dual version of this entropy model can be derived. Since program (8.8)
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and

(6.8)

contains 10 variables, the dual version will contain 10 terms. Furthermore,

this dual version will contain 7 dual variables, since program (6.8) con-~

tinas 7 constraints (apart from the first additivity condition for the

probabilities), Then the dual program associated with the (primal) entropy

model (6.,8) is equal to :
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The dual form of an entropy model appears to he a particular

type of a primal ge

ometric program,

It is composed of a positive poly=-

nomial (’posynomial’) with many terms each of which is npon=linear, Fur=

thermore,

cons

the dual entropy model appears to contain only one equality
traint; this eguality is due to the fact that the Lagrange multiplier

assoclated withtthe latter constraint is positive (see the last element

of the vector at the left-hand side of (6.8),

a positive linear combination of power

function products,

The eguality constraint is

An interpretation to the dual entropy model can be given by con=

sidering the separate terms of the objective function and the constraint,

Each term of the objective function is a power product composed of 3 (

variables,

of origin, the seco

and the last one to the cost betwesen these zones.

a gravity model
Concluding, the obj
within the system,

The first dual variable relates to the '

nd one to the

ective

subject to a certain condition.

push'

dual}

effect of a zone

'pull? effect of a zone of destination,
Therefore, each term is

» indicating the volume of flows between corresponding zones.
function attempts to minimize the agegregate flows

This condition states

that the weipghted (geometric) average of all push and pull-effects should

be egual to the shadow variable of the costconstaint Ex7]

» weldghted with

the averapge travel cost. The implicit assumption of an entropy model appears

to be indeed a grav
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ity model,



APPENDIX

perivation of a conditional entropy

The probability pij can be conceived of as the probability that
a trip originating in zone i will terminate in zone j. The entropy of the
probability distribution of pij is represented by (5.5). Next, one may
define the conditional probability that a trip will terminate in zone j,
given the conditian that this trip originates from zone i. This conditional
probability is denoted by Dij/pi. . where the marginal probability = is
defined in (5.11). The entropy QC af the conditional probabllity Dij/pi,
is equal to :

I 4
Q. == 121 jil [pijjpi.] 1n[pij/pi.] (A1)
Next, one may calculate the average conditional entropy of the trips at-
tracted by all zones of destination, given the fact that the marginal pro-
pabilities of the trips originating iﬁ each zone i are known. Such an ave-
rage conditional entropy requires weights to be assiegned to each component.
If one uses p, as weights, the average conditional entropy QAC is calcula-

ted as

. (p../p, ) Inlp../p; ) (A.2)
AC Gm] ie =1 1.3 i ij Tie
T J
== L I p inlp../p, )
=1 §=1 13 R
I J
== ¢ I p . (lnp,.-1np )
1=1 3=l ij ij 1.
I J I J J
e- % I p.lnp,,+ T {CZ pIInCE p)}
521 j=1 1 a1 §=1 9=1
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