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FOREWORD

For more than 30 years, Professor Jean TECHEM spent most of his

time with his students of the "Université Libre de Bruxelles" and the

"Paculté des Sciences Agronomiques de 1'Etat a Gembloux".

His courses on mathematics, probability and statistics were taught

to thousands of students in agriculture, mathematics, physics and

psychology. But also, and even mainly, he helped many of them in pre-

paring their final dissertation or doctoral thesis. They all knew

that it was never in vain that a student or a young scholar consulted

Professor TEGHEM; they knew that his devotion was like his competence.

Some of his former students became collaborators, even colleagues.

They are especially grateful for the exceptional instruction and the

considerable help they received.

It is these former collaborators and friends who want this issue

of the Belgian Journal of Operations Research, Statistics and Computer

Science to be published especially in honour of Professor Jean TEGHEM,

at the occasion of his retirement and his seventieth birthday.
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EXPERIENCE RATING PERTURBED

BY A BROWNIAN MOTION

F. ABIKHALIL

CADEPS,CP 135
Université Libre de Bruxelles

50 Avenue F. Roosevelt
1050 - BRUXELLES

ABSTRACT

This papergives a generalization of a risk process under experiencerating in the sense

that a Brownian motion is added to the classical model. When the aggregation of claims

up to timet, is a diffusion or a compound Poisson process,the probabilities of ruin, both

in transient and infinite horizon time, are studied.



1. INTRODUCTION

The problem of perturbed experience rating

The principle of experience rating is to adjust premiums

continuously (in our paper) on the basis of previous information.

Premiums should match the amount of claims and should, at the

same time, if possible, take into account the market environment.

For example, when the profitability is good, the solvency

margin increases to a high level, this stimulates competition

and implies new companies drawing up tariff or premium reductions

(which suppose that free competition is authorised). Conversely,

when the profitability is bad, the insurer should collect more

money and consequently increase premiums to face risk exposure.

A familiar example is the bonus-malus rating in automobile

insurance. For these reasons, we can consider an "experience

rating" mathematical model.

Nevertheless, there is a difference between examining premiums

in theoretical way and how they actually appear in reality.

Actually in practice, the insurer uses "some kind" of experience

rating system, which is not based only on risk-theoretical bases

but also on other circumstances, let us say, indirect influence

factors like :

1) uncertainty on inflation ;

2) Up to date statistics not being available at the time

of calculation ;

3) uncertainty due to a lack of precise knowledge about

economic activity.

etc.

For example, when industrial and commercial businesses are under-

going a tremendous upswing, this tends to accelerate motor

and other traffic, which in turn, tends to increase the number

of claims.

On the other hand, during recessions the effects are mainly

opposite. So to take into account these indirect influences



we will add, to the "experience rating" model, a perturbation

by introducing a Brownian motion for the continuous case

considered here (section 3).

In section 4 and 5 we study the case where the aggregate

claims up to time t is a Brownian motion with drift and

compound Poisson processes respectively.

Moreover, we apply the results of GERBER's paper 1973 (4]

to calculate an upper bound for the ruin probability before

time t.

Remark

PENTIKAINEN AND RANTALA [9,10] in their studies of the

insurance industry in Finland, suggested, in §2.2. Vol.IT

"Models for premium fluctuation", to perturb the experience

rating model with a "white noise" (discrete case) and gave

solution to premium calculation for a very simple case.

DESCRIPTION OF THE RISK PROCESS

We consider a risk process in which the total premiums

received in the time-interval [0,t] is denoted by P(t),

and (S(t), t 2 0) represents aggregation of claims up to

time t, we assume that the processes P(t) and S(t) are

Markovian and defined on a probability space (2,T, P).

Finally, let Z(t) be a surplus of a company at time t,

t > 0 and write x for 2(0). We have

(1) z(t) = x + P(t) - S(t) = t wv °

Obviously, Z(t) is one-dimensional Markov process.



EXPERIENCE RATING PERTURBED

Consider a risk process satisfying(1) except that

each element of premium paid is modified by a refund or

surcharge according to the stochastic differential equation

(2) d P(t) = (p - k (P(t) - S(t))dt + odW(t)

with P(0) = 0 a.s.

and where : (i) p is the base premium constant rate

(ii) (W(t), t 2 0) is a standard Wiener process

independent of (S(t), t 2 0)

(iii) o is a positive constant, k being the

"experience rating factor" (0 < k < 1).

Equation (2) is a linear stochastic differential equation.

From GIHMAN AND SKOROHOD [6] we have the solution

(3) P(t) = exp(J* = kas) (f° exp(- f*- kdu).(p + k8(s))ds

+ ol exp(-)f*- kdu)odW(s)]

or equivalently

C3") Pe) = e KER CoE ~ 1) ee Off eK s(s)ds + oX(e))

fe aks
where we define X(t) = dW(s).

From the relation (1), it follows that

solketak) ee SKE Ost eK S8(s) ds(4) ee) =a 4 2=

+ eX® ox(t) - s(t).

In view to characterize and reduce this expression we have

the following two propositions.



Proposition 1

X(t) is a gaussian process with zero mean and with
 

covariance

puinten td e2ku au
(5) cov(X(s), X(t)) =

For the proof see for example ARNOLD [1] chapter 5.

By elementary computation we can write relation (5) as

(5) cov(x(s), XCE) = x (e7REMEPCES) yy,

Let 1(t) = (f* e§® dn(s) where

(n(t), t 2 0) is a stochastic process defined on (2,0, BP),

and having stationary, independent increments, finite variance

with n(0) = 0 and belonging to D [0,”),where D(0,~)

denote the space of functions on [0,”) that are right-continuous

and have left hand limites.

We have the following result, justifying the integration by parts

for the stochastic integral ECE) 2

*
Proposition 2

The process (I(t), t 2 0) is well defined, a.s. finite,

and every sample path satisfies the following relation
 

(6) r¢t) = ek ae) - kf ek® n(s)ds.

Furthermore, I(t) is a.s. in D[0,~)

*
This proposition was pointed out by Harrison in [7].



Proof

co kt is ; 4 z a
Since e is a continuous function of bounded variation, we

can apply lemma 1 chapter 3 of [2] for the function n(t) ;

then the proposition follows form theorem 2 of DUNFORD and

SCHWARTZ [3, p.154].

So, from (6) put n(t) = S(t) (when S(t) satisfies the

conditions on ») we can rewrite (4) as

Skt -kt
e(7) a(t) = x # BU - BRE) - fF eK a s(s)

°

+ ek ox(e)

THE DIFFUSION PROCESS

Assume now that S(t) satisfies the differential (stochastic)

equation

ds(t) = mdt + o, dW, (t)

where m is a constant and w(t) is a standard Wiener process

independent of W(t).

Then the relation (7) gives

(8) Z(t) = x + 2a = ekFy ~ oRE ye OES nas

kt
+ eo (ao, X(t) + oX(t))

1

where we define, as before,

t ks
K,(t) = of eo” aw, (s)

From proposition 1 (x,t), t 2 0), is a gaussian process inde-

pendent of (X(t), t 2 0) with zero mean and as covariance

function

cov(k, (9), X,(t)) = (e?R(min(t.s)) 4)ale
2k



It is well known that the sum of two independent gaussian

processes is a gaussian one. So we can write :

(o, ¥,(t) + oX(t)) = oX(t)

where (i) (X(t), t 2 0) is a gaussian process with zero

mean and having the same covariance function

of (x, Ct), t 2 0)

Gi) 37 04 + 0?

So write from relation (8)

z(t) = x + Z(t)
with

ekty skt(9) Z,(e) = Ba - + oek* Kcr)

It is clear that (2, (t), t > 0) is a gaussian with independent

increments.

4.1. An upper bound on the probability of ruin

We are interested in the variable "time of ruin" defined

as usual by

T = inf {t 20 ; Z(t) < O}

Introduce the usual probabilities of ruin, respectively on

finite and infinite horizons :

pe [ T<t / Z(0)

eB [ T<» / 2(0)

¥(x,t)

¥(x)

x],

sali.i 1

GERBER [4] shows that

(10) ¥(x,t) < min e™* max wlet 2169)],
rx O<s<t

Now, as

a 1
Z(t) = J (m(t), s(t))



with

=kemt) =~= e**)
2

2 6 =2kt
so (t) = aR Git = ie )

where u=po-m,

we can write

Cit) we lek41 6] = exp [- rm(t) + 4 s®cepr7

For fixed t, the exponent in (11) is 0 if mr, ere 0,

- aor 2 = ry(t) = 5 re
ge Td oe

so, for r > ry(t) it is positive and increasing.

Consequently, the maximum in (10) is 1 if O<r< ry(t)

This reduces (10) to

a2

Gi VGe0) So ominw “expinx = 28Gi-- Sy eine?5 k ak
r2r y(t)

We find (by differentiation) that the minimum is assumed by

 

 

_ 2 kx + p( - et)
O13) tain 7 s2kC178 EF)

Consequently, we have

i" -kt =kt
Ga) vle,e) < exp(l Peet WO fe) pg whee gj

2 =2kt kx
ok (1-e )

10



4.2. The ultimate ruin is certain

In order to calculate ¥(x), recall that

(15) 2(t) = ESF Ex ef + BoeKE ~ 1) 4 5 x]

and define

ic ae
(16) Ce) = x eK Boek 4) 4 ox,

Obviously T = inf{t > 0; c(t) < 0}.
We have

Proposition 3

*Z(t) is a diffusion process with a drift u(y) =p - ky,= s
where » = » + kx and an infinitesimal variance : a (y) = 3?

It is clear that Z(t) is gaussian and has continuous sample

paths with independent increments, the first two moments of this

process are

IE Z(t) =x + ga - ee)

32 a2ktvar(Z(t)) = S21

-

e°KF)

Thus, we can represent Z(t), by what HARRISON [7] called,

compounding Brownian motion,

jw Se Gi = 22%) t
V2k

okt
e  Vv °(17) Z(t) = x + Ba

From this, it follows that Z is a strong Markov with

stationnary transition probabilities, so it is a diffusion.

An elementary computation show that

Wtu(y) = lim  wlz(t + bt) - Z(t) / z(t) = y] (uo + kx)- ky.
atro AE

and

oy) = tim  wr(zce + ae) - 2(e))2 / z(t) @ y] = 8?atxo AF

1



Consequence

In fact Z(t) is an Ornstein-Uhlenbeck (0.U.) process.

To verifie it, let us recall the classical 0.U. denoted by

Z(t)

=e 2atZ(t) =e “F wile **)

eefe fh Vay e%8 aw, (s)
-©

where We i= 1,2 are two copies of a Brownian motion and

a positif constant.

Obviously, from proposition 3, Z(t) is an 0.U. process with

Z(0) = x and it is well known that the 0.U. Process reaches with

certainty the exterior of the interval (0,), which implies,

for our problem, that the ruin is certain.

Another proof is the following, let us represent

c(t) by the compounding Brownian motion

 

 

(49) g(t) = xek e Boo*KE — 4) 4 2 wce2*E 4) bd 0
V2k

and let

2kt
v=ze - 4

and

* 2kT
v =e - 1

*
So that v is the first v 2O such that

(20) w/v + T+ Ev FT - 1) + 2 wy) = 0 v>0
¥2k

12



or

 

* *

(21) WW) = +B = f(v )

with

a = BE ix eH)
oO

and
2kpe RS

kG

from the fundamental Wald identity in continuous time,

applied to f(v), (see for example SHEPP (12]), it follows

that ¥(X) = 1 a.s.

THE COMPOUND POISSON PROCESS.

Let S(t) be a compound Poisson process; we can write

N(t)
= A.

i(22) s(t)

 

where {A.}. 5 is a sequence of positive independent,
ivii2t

identically distrubuted random variables with a common

distribution function F(.), and {N(t), t 2? 0} is a Poisson

stochastic process, independent of the fA isy » having

parameter d.

Moreover, we assume S(t) independent of (X(t), t 20),

defined in section 3. In the context of classical risk theory

Ay denotes the amount of the zon claim (i = 1,2,..-+)

and N(t) represents the total number of claims

occuring in the time-interval (0,t1.

t kt
foeThus, the Riemann-Stieljes integral d S(t) becomes

N(t) og

(23) £ e iA;
i=

where tyotorrees denote the times at which claims occur.

I3



The surplus process (7) is now
N(t) ;

_ Po, - zkty _ ckt kti =kt
(24) 2(t) = x + EO ee) e az, ¢ A, + oe x,

or equivalently

N(t) :_ kt kt PB kt _ _ kti
(25) Z(t) = efx ee + y Ce 1) + oO, a21 ° Av]

skt pe
=e (x, xX]

where

y 8 kt Pp, dt _
(26) X= xe te (e 1) + OX,

"

x
(27) X&,

 

As before, X, is a gaussian process with independent increments
y k

with E(X.] =x est +2 Gi - 1)
t k

2wy ot Okt _
var[{X,] 2 oR Ce ADs

Consider Z(t) = Z(t) - x

Obviously Z(t) is a process with independent increments,

then we can apply GERBER's result [4] to calculate an upper

bound for ¥(x,t).

In our case, we have

(28) ¥(X,t) < min gure max exp E fe7teCt) y
E O<s<t

a *
Since (X(t), t20) and (X (t), t?0) are independent, (28)

reduces to

14



(29) ¥(x,t) < mine ™* max exp{-r(x + 2)(e*® - 1)
kr O<s<t

Zz
a 2ks 2 *

+t i Ce = je" + K (e,s) }

* . *
where K (r,x) is the cumulant generating function of X

From C.G. TAYLOR's paper [13], we have

kt
‘ 2A (te au)=1(30) K(rys) = © LS re

where a(u) denotes the moment generating function associated

with F(.). As in section 4, we can only consider values

of xr such that r > ry(t) with ry(t) being the unique

real and positive solution of

2
(31) =r Ge + Bycek® - 4) # LD(e?kE ye? et * (r,t) = 0.k 4k

Then

. Py, kt(32) ¥(x,t) < min exp[-rx - r(x + £)(e - 1)
kr>r,(t)

tay? CEa fe r ry

Example

if F(x) =1-e* ive.

negative exponential claim size distribution, then we have

* 1 1-
(33) K'(r,t) = £ log (—+—4_}

i—-nrTne

Some numerical results will be given in the future.

15
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Remarks

1) When o = 0 we have a case treated by Taylor in [13]

2) If we take for S(t) a linear combination of a compound

Poisson and Wiener processes (but independent), the whole

analysis, in section 4 and 5 is still valid.
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ABSTRACT

This paper stresses some points frequently encountered in statistical consulting, mainly in
the field of agricultural and biological sciences.



1. Introduction

La consultation statistique a été une des préoccupations et une des réali-

sations majeures de la longue et fructueuse carriére du Professeur Jean TEGHEM.

Aussi nous a-t-il paru opportun de consacrer un des articles de cette

publication d'hommage au Professeur TEGHEM A quelques points essentiels, qui

reviennent & tout moment dans le dialogue entre le chercheur ou 1'expérimenta-

teur et le "statisticien-conseil".

Ces quelques points concernent principalement, mais pas exclusivement, la

planification des expériences et l'interprétation de leurs résultats, dans le

domaine agronomique et biologique. Les principes qui sont développés s'appli-

quent cependant aussi a d'autres secteurs d'utilisation des méthodes statisti-

ques.

2. Le but et les conditions de 1'expérience

La définition précise du but poursuivi et des conditions de travail consti-

tue indiscutablement un des points essentiels de tout échange de vues entre

chercheur et statisticien.

A ce stade du dialogue, le statisticien devra s'efforcer d'avoir une vision

d'ensemble du ou des problémes étudiés, depuis les intentions initiales du cher-

cheur jusqu'aux différentes possibilités d'analyse statistique et d'interpréta-

tion des résultats, en prévoyant autant que possible les diverses difficultés

qui pourront étre rencontrées, les solutions qui pourraient &tre apportées A ces

difficultés, etc. (choix des unités expérimentales, définition des mesures 4

réaliser, etc.).

On notera en particulier combien le fait de prévoir dés le départ 1l'analyse

statistique éventuelle des résultats, en termes d'analyse de la variance et de

contrastes par exemple, peut aider le statisticien et son interlocuteur A mieux

préciser le ou les objectifs qui seront poursuivis, A mieux identifier les dif-

férentes sources de variation auxquelles ils seront confrontés, etc.

20



3. L'&chantillonnage a deux ou plusieurs degrés

L'échantillonnage a deux ou plusieurs degrés est de pratique extrémement

courante, en expérimentation comme dans la réalisation d'enquétes. Il est aisé

d'en citer quelques exemples : choix d'un certain nombre d'arbres dans un verger

et prélévement d'un certain nombre de fruits sur chacun des arbres, choix d'un

certain nombre de champs de betteraves dans une région donnée et prélévement

d'un certain nombre de betteraves dans chacun des champs, prélévement d'échan-

tillons de terre dans une parcelle d'expérience et réalisation de plusieurs ana-

lyses au laboratoire sur des sous-échantillons, etc.

Dans de telles situations, la détermination du nombre d'observations 4 réa-

liser a chacun des deux ou des différents niveaux de 1'échantillonnage est, trés

souvent, un sujet de contestation entre le statisticien et le chercheur ou l'ex-

périmentateur.

Le point de vue du statisticien sera pratiquement toujours de réduire au

strict minimum (2 par exemple) le nombre d'observations relatif aux niveaux

inférieurs de 1'échantillonnage (nombre de fruits par arbre, nombre de bettera-

ves par champ, nombre d'analyses par 6chantillon de terre, etc.), en augmentant

au maximum le nombre d'unités prélevées aux niveaux supérieurs (nombre d'arbres,

nombre de champs, nombre d'échantillons de terre, etc.). Le point de vue du

chercheur sera souvent divergent et il appartiendra au statisticien de convain-

cre au mieux son interlocuteur, plus par des exemples numériques chiffrés qu'a

l'aide de formules. Le cas échéant, il y aura lieu de tenir compte aussi des

facteurs cofits ou temps [DAGNELIE, 1979-1980].

4. La répétition des expériences dans l'espace et dans le temps

Un autre sujet de préoccupation du statisticien consultant sera la répéti-

tion des expériences dans l'espace, en différents lieux, et dans le temps, au

cours de différentes années ou périodes de culture. En vue d'aboutir a des con-

clusions (conseils de fumures par exemple) qui puissent étre transposées dans la
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pratique, il importe en effet que ces conclusions soient préalablement validées

dans des conditions aussi larges que possible.

On notera que cette question, dont 1'importance est évidente en matiére

agronomique, doit également retenir l'attention dans de nombreux autres domai-

nes, pour lesquels la variabilité dans l'espace ou dans le temps dépasse large-

ment la variabilité locale et instantanée. Tel est le cas notamment pour toutes

les analyses de laboratoire, dont les résultats présentent le plus souvent des

fluctuations inter-laboratoires trés supérieures aux fluctuations intra-labora-

toires.

Le probléme de la répétition des expériences en différents endroits et au

cours de différentes périodes se pose dans des termes semblables au probléme de

l'échantillonnage 4 deux ou plusieurs degrés. Le but du statisticien sera géné-

ralement ici de convaincre son interlocuteur de 1'intérét qu'il y a & augmenter

dans toute la mesure du possible le nombre de répétitions dans l'espace et dans

le temps, aux dépens du nombre de répétitions réalisées au cours de chacune des

expériences [DAGNELIE, 1981].

5. Les limites de 1'expérimentation

L'addition de la variabilité dans l'espace et dans le temps, a la variabi-

lité locale et instantanée du matériel expérimental, conduit A des limitations

trés strictes, dont on prend trop rarement conscience. On peut démontrer par

exemple que, dans des conditions particuliérement favorables, od les différentes

sources de variation sont de l'ordre de quelques pour cent seulement, les dif-

férences de moyennes qu'on peut espérer mettre en évidence sont, malgré toutes

les répétitions possibles, de l'ordre de 10 % ou plus, cet ordre de grandeur

devant étre multiplié au moins par 1,5 ou 2 dans des conditions moins favorables

[DAGNELIE, 1981].

Il est done illusoire le plus souvent, dans le domaine biologique, d'orga-

niser des expériences dont l'objectif serait de mettre en évidence des différen-
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ces, de croissance ou de rendement par exemple, de quelques pour cent. Des limi-

tes analogues existent certainement, mais a d'autres niveaux sans doute, dans

d'autres domaines.

En fonction de ces limites, le meilleur conseil que pourra donner le sta-

tisticien sera, dans certains cas, non pas de choisir tel ou tel dispositif

expérimental, mais bien de renoncer 4 toute expérimentation, si les moyens dis-

ponibles ne donnent pas des chances raisonnables d'aboutir a des résultats inté-

ressants.

6. L'utilisation de dispositifs expérimentaux simples

Les ouvrages classiques d'expérimentation, et plus encore les revues,

regorgent de dispositifs sophistiqués, dont le but principal est de maitriser au

mieux la variabilité du matériel étudié. Il faut noter toutefois que, d'une

fagon générale, cette maitrise de la variabilité est purement locale et instan-

tanée, et qu'elle n'a aucune influence, ou pratiquement aucune influence, sur la

variabilité dans l'espace et dans le temps.

Dans l'optique évoquée ci-dessus, d'expériences répétées en différents

endroits et au cours de différentes périodes, l'utilisation de dispositifs rela-

tivement complexes se justifie donc peu. Les dispositifs les plus simples (dis-

positifs en blocs aléatoires complets par exemple) sont alors, le plus souvent,

les plus adéquats, et cela aussi parce qu'ils sont les plus faciles a4 implanter

et les plus robustes.

7. La maitrise des conditions expérimentales

L'expérimentateur donne fréquemment au statisticien l'impression que la

variabilité des résultats qu'il attend est d'autant plus réduite qu'il maitrise

mieux les conditions de son expérience, et notamment que la variabilité des

expériences en serres, en chambres de culture ou en laboratoires est plus faible

que la variabilité observée dans des conditions naturelles. Mais il faut savoir
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que les résultats chiffrés démentent souvent cette impression. Il apparait a

effet que les conditions artificielles des serres, des chambres de culturey

etc. sont plus "limites" et que, dans ces conditions, des fluctuations nea

réduites d'éclairement, de température, d'humidité, etc. peuvent influencer o

fagon considérable la croissance et le développement des organismes vivants.

Des réflexions analogues peuvent étre formulées également en ce qui concer4

ne les méthodes modernes d'analyse chimique. Ces méthodes, de plus en plus élad

borées, sont elles aussi de plus en plus sensibles, dans certains cas, a deg

fluctuations des conditions ambiantes.

Une bonne maitrise apparente des conditions expérimentales ne dispense donol

pas d'une grande prudence dans la planification des expériences et dans 1l'interd

prétation de leurs résultats.

8. Les contacts entre l'expérimentateur et le statisticien, et le suivi des

expériences

Traditionnellement, les contacts et les échanges de vues entre le statisti+

cien et le chercheur ou l'expérimentateur ont généralement lieu dans le bureail

du statisticien, ou méme par téléphone seulement. Si cette solution est évidem-

ment la plus confortable pour le statisticien, elle n'en est pas pour autant la

plus sare.

Il n'est pas certain, en effet, que les informations qui sont communiquéesi

dans de telles conditions par 1l'expérimentateur au statisticien soient suffisan-|

ment complétes, ni qu'elles soient bien comprises par ce dernier. De méme, il

n'est pas certain, loin de la, que les conseils qui sont donnés par le statisti-

cien dans de telles conditions soient les plus judicieux, ni qu'ils soient suf-

fisamment explicites et bien compris par l'expérimentateur, ni a fortiori qu'ils

seront bien appliqués par celui-ci ou par ses collaborateurs.

Rien ne vaut, chaque fois que cela s'avére possible, un contact "sur le

terrain" (au champ, dans la serre, au laboratoire, etc.), et cela non seulemen!
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pour l'expérimentateur, surtout débutant, mais aussi pour la formation person-

nelle du statisticien.

Les contacts "sur le terrain" pourront d'ailleurs avantageusement se pour-

suivre au-dela de la planification des expériences, en vue d'assurer au mieux le

suivi de celles-ci.

9. Les situations imprévues

Le suivi des expériences conduit, plus fréquemment qu'on ne le croit, a

observer des anomalies par rapport aux principes théoriques, notamment en ce qui

concerne la répartition aléatoire des objets. Ces anomalies peuvent étre soit

délibérées, et parfois justifiées, soit tout a fait accidentelles.

Il importera de toujours tenir compte de ces situations anormales au moment

de l'analyse des résultats ou, au moins, de s'assurer du fait que ces situations

sont sans conséquences en ce qui concerne l'interprétation des résultats.

Les méthodes de simulation peuvent étre fort utiles 4 cet égard [ cLaus-

TRIAUX, 1981a, 1981b] et on notera également, A ce propos, l'intérét du chapitre

"the spoilt experiment" figurant dans le dernier livre de PEARCE [1983].

10. L'autopsie des expériences

Trés souvent, l'analyse des résultats d'expériences s'arréte au constat de

l'absence ou de l'existence de différences significatives entre moyennes ou

entre pourcentages. Parfois, viennent cependant s'ajouter A cela quelques cal-

culs de limites de confiance ou de courbes ou surfaces de réponse.

Mais les moyens modernes de traitement de l'information permettent d'aller

beaucoup plus loin, dans le sens de l'estimation de composantes de variances, du

calcul de résidus, de l'examen de ces résidus, de l'étude de leur distribution,

etc. Tous ces éléments permettent d'effectuer a posteriori une analyse critique

de l'expérience, qui peut s'apparenter a une véritable autopsie [ CLAUSTRIAUX,

1983; PEARCE, 1976].
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Si cette opération ne présente pas toujours un intérét immédiat important

elle s'avére le plus souvent trés utile en vue de la planification éventuqll

d'expériences ultérieures. En particulier, la connaissance d'ordres de grandeu

de composantes de variances est un élément de base de tout dialogue entre expé

rimentateur et statisticien.

11. L'utilisation de 1'ordinateur

Bien qu'en fait, il ne s'impose pas toujours, l'emploi de 1l'ordinateur en

vue de l'analyse des résultats d'expériences est devenu une pratique courante:

Mais cet emploi n'est certainement pas sans danger.

Un premier danger concerne l'enregistrement des données sur support infor-

matique (perforation, encodage, etc.), et en particulier la collecte automatique

des données ("data capture"). Certaines procédures d'enregistrement ou de saisiel

des données n'offrent, en fait, que peu de possibilités de contrdle de leu

validité. Il] appartiendra alors au statisticien, comme a 1'expérimentateury

d'étre particuliérement circonspect dans l'interprétation des résultats fournis

par l'ordinateur. L'examen des résidus constitue, 4 ce stade de l'analyse, ui

outil particuliérement utile.

Un deuxiéme danger est lié A l'utilisation de logiciels "tout faits". Cetty

utilisation peut en effet conduire 4 l'emploi de méthodes d'analyse statistique

inadéquates, qui ne correspondent pas A l'objectif défini initialement ou au

dispositif expérimental choisi. D'autre part, le recours a certains logiciels

"clef en main" peut aussi conduire a l'utilisation de méthodes statistiques,

peut-étre bien adaptées, mais inconnues ou mal connues de l'expérimentateur,

avec en conséquence un risque non négligeable de mauvaise interprétation ou

d'interprétation abusive des résultats.
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12. En guise de conclusion

Nous avons ainsi parcouru, trés rapidement, l'ensemble de la boucle qui va

de la définition du but et des conditions d'une expérience ou d'un groupe d'ex-

périences A l'obtention des résultats, et méme presque A la planification de

l'expérience ou des expériences suivantes.

Ce rapide tour d'horizon permet de souligner l'importance d'un contact

régulier entre le statisticien et l'expérimentateur et, aussi, mais ceci est un

sentiment plus personnel, le trés grand intérét que présente pour le statisti-

cien le travail de consultation.

A l'intention du lecteur qui souhaiterait @étre documenté plus complétement,

nous ajoutons ci-dessous, aux références bibliographiques citées dans le texte,

quelques références complémentaires [CANTILLON et DAGNELIE, 1979; FINNEY, 1978,

1981; FINNEY et YATES, 1981].
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ABSTRACT

Weconsider a system of two queuesin tandem with a finite intermediary buffer. We examine

the influenceofvariability in service requirement at the second server, on the behaviour

of the system.



Introduction

The queueing model considered here consists of two units in series

with a finite intermediary buffer. Arriving customers enter an infinite

buffer in front of Unit I. After being served at Unit I, a customer enters

a finite buffer in front of Unit II if the buffer is not full; if the buffer

is full, the customer under consideration may not leave Unit I, which thereby

becomes blocked and unable to process waiting customer. At a later time,

Unit I becomes available again, in a manner to be described later.

In many practical situations, e.g. in data communication networks,

the use of an intermediary buffer is dictated by the physical necessity of

decoupling the functioning of Units I and II. In other circumstances, it

may be advantageous to use an intermediary buffer, in order to render each

unit less dependent on random fluctuations in the functioning of the other.

Our purpose in the present note is to examine how the variability

of service requirements at Unit II influences the functioning of Unit I.

The mathematical model and method of analysis are described in the next

section, In Section 2 are defined the parameter values chosen for the numerical

analysis, Some results are presented and discussed in Section 3.

For a survey of the literature on such systems, we refer to the biblio-

graphy in Latouche and Neuts [1], where a similar system is studied.

1. The mathematical modet

We assume that customers arrive in the system according to a Poisson

process with parameter \; the duration of service at Unit I is exponential

with parameter y; the service at Unit II is phase-type (PH) with representation

(a,T); all random variables are independent.

PH distributions form a general class, defined and extensively analysed

in Neuts [2]. In short, a random variable has a PH distribution if it may

be represented as the time until absorption for a Markov process with one

absorbing state. They are characterized by the number m of transient states



(or phases), the stochastic m-vector a that gives the initial probability

distribution on the transient states, and the infinitesimal generator T,

of order m, that determines transitions among the transient states, Erlang,

hyperexponential and Coxian distributions with real, positive parameters, all

are special cases of PH distributions.

Customers who have not yet been served at Unit I are called 1-customers;

customers who have been served at Unit I but not at Unit II are called

2-customers., The intermediary buffer is finite and we denote by M the maximum

number of 2-customers : there are at most M-2 such customers in the buffer,

one being served at Unit II, and one unable to leave Unit I when the buffer

is full.

We assume that when Unit I becomes blocked, it stays so until there

remain K 2-customers in the system, 0<KSM-1!. The case when K=M-] means that

Unit I operates again as soon as one 2-customer finishes its service, thereby

releasing one space in the buffer and allowing the blocking customer to leave

Unit I. The case when K=0 means that the buffer and Unit II must become

completely empty before Unit I may start functioning again.

The quantity M-2 may be thought of as a technological constraint on

the buffer size, while K determines a control policy, to be used e.g. if there

are costs associated to the shutting off and starting up of Unit I.

Under the stated assumptions, the system may be described as a Markov

process on the state space {(n,i,j);n>0, i=0,1,...,M-1,M',(M-1)',...,(K+1)'5

1<j<m}, where n is the number of I-customers, i is indicative of the number

of 2-customers and the state of Unit I (a symbol ' meaning that Unit I is blocked),

and j is the service phase at Unit II. Since n may change by one unit at most,

that Markov process is a quasy-birth-and death process of the type extensively

studied by Neuts [2]. The corresponding analysis is well documented in the

literature and shall not be reproduced here, for lack of space. The interested

reader will find the general theorems in [2].

In Nicolas [3], the theory has been applied to the model at hand, and several

specific results have been obtained. To obtain the stationary probability

distribution, it is necessary to compute a matrix of order N=(2M-K); the

algorithm developed in [3] is such that no other matrix of that order need be

stored.
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2, The numerical analysis

The stochastic process is specified by the following parameters :

- the input rate i,

- the service rate yp at Unit I;

~- the maximum number M of 2-customers;

- the control parameter K;

~ the representation (a,T) of the service distribution at Unit II.

Our purpose is to measure how variability in service requirements at

Unit II influences the bahaviour of the system. A frequently used, global

measure of variability is the ratio C of the standard deviation to the expected

value. We have constructed, for a number of values of C, several PH-distributions

with the same value for C. For each, the expected value equals one, thereby

the unit of time is fixed.

The queueing system is stable if and only if 4 < A___, where isa
max max

non explicit, but easily computed, function of all the other parameters. This

we have firstly examined,

We then have studied, for certain values of A, the queue in front of

Unit I and Unit II and both the stationary probability Ts that Unit I is blocked

and the stationary probability ™ that Unit I becomes blocked at the end of a

service : Ts and ™ give different information since the former is a time-average,

while the later is a customer-average.

3. Numerical results

3.1 The maximal arrival rate. We have systematically observed that it is

an increasing function of K, for fixed uy, M and (a,T), therefore it is

best to set K=M-1 in order to maximize the throughput of the system.

Also, it is a monotonically increasing function of u, for fixed K, M and

(a,T) : see Figures 1 and 2 where different PH-distributions are identified

by their coefficient of variability C. Not surprising, date is bounded

aboved by the minimum of y and (E [service at Unit 111)7!,
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3.2

8.38

The stationary distribution of the system is similarly affected by the

variability of the PH-distribution (a,T). We display on Figures 3,4 and 5

respectively values of mp ™ and Ms where m,=E (number of i-customers) ,
2

i=1,2, and 1, is the stationary probability that Unit I is blocked.

To compare different systems under “equal load" conditions, one

may either impose the same rate of arrival \, or the same ratio PFAALae

Because of the large differences in a for different distributions

(a,T), one may not confuse the two definitions. Since A is the real systems

parameter, we display m> ™, and m, as functions of X. In order to keep

part of the information that might be contained in p, we have marked each

curve by dots corresponding to the values p=.3,.5,.7 and .9.

We observe on Figure 4 one instance when it is necessary to

properly define the notion of equal load. For a given value of }, m,

clearly increases with the variability of the PH-distribution. For fixed

p=0.9 however, the values of m, for each distribution (highest point on
2

each curve) are nearly equal.

We must emphasize that the behaviour of the system depends on

the whole distribution (a,T), and not on the coefficient C only. Results

not reproduced here indicate the existence of distributions (a,T)) and

(a,T,) such that C but ma)” SQ) ro) “1eh* ™aye Be) #4 ayTee)
for whole ranges of values of A.

The blocking phenomenon may be measured either by the stationary probability

1, that Unit I is blocked at time t, or the stationary probability ™ that

Unit I becomes blocked after serving a I-customer. The former measures the

length of time spent in the blocked state, the latter measures the frequency

of switching from a state where Unit I is available to the state where it

is blocked.
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The variability in (a,T) influences differently 1, and un

(see Figures 5 and 6). For instance, consider the values of tt and ™|>

for C=2.5 and 5 respectively, and A=5. We observe that the queue with

highest variability is blocked during longer periods of time

(nm(C=5)>m, (C=2.5)) but changes less frequently from being available to

being blocked (ry (C=5)<m, (C=2.5)).

This may be interpreted as follows. For the distribution with

cC=5, services at Unit II are typically very short, with an occasional

very long one. When a very long service occurs, Unit I is likely to

become blocked and to remain so for a long time. When that long service

terminates, Unit II will process many customers with a very short

service, during which time Unit I is unlikely to become blocked again.
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ABSTRACT

This paper is concerned with the problem of endemicity in the deterministic version of the

discrete time logistic epidemic model. Conditions for endemicity are first derived, explicit

boundsfor the endemiclevel are then constructed, and the effects of small perturbations

on somecontrol parameters arefinally analyzed.



1. Introduction

Le modéle a temps discret d'épidémie logistique concerne une popula-

tion fermée de N individus, homogéne et constamment brassée, et subdivisée

en deux classes : les susceptibles, individus susceptibles de contracter la

maladie, et les infectés, individus porteurs du germe infectieux et qui le

transmettent. L'état de la population est observé aux instants t = 0,1,2,...

Notons i(t) et s(t) respectivement les nombres d'infectés et de susceptibles

a l'instant t. Comme la population est fermée, s(t) + i(t) = N pour tout t.

Supposons qu'il y ait des infectés présents dans la population a 1‘ instant

initial, c'est-a-dire, 0 < i(0) < N. L'évolution de 1'épidémie pendant 1'inter-

valle de temps (t, t+1] est régie par les deux processus suivants.

a) Chacun des i(t) infectés a la probabilité g de guérir et redevenir alors

susceptible a l'instant t+1. Nous supposons 0 < g< 1.

b) Chacun des s(t) susceptibles devient infecté 4 l'instant t+] s'il a au moins

un contact infectieux pendant l'intervalle (t, t+l]. Le calcul de la probabilité

d'infection d'un susceptible est présenté a la section 2.

Dans ce travail, nous nous intéressons uniquement a la version déter-

ministe du modéle. Nous construisons cette version a la section 3. Dans la

section 4, nous déterminons les conditions conduisant & une situation endémique,

et nous dérivons ensuite des bornes explicites pour le niveau endémique. Enfin,

nous @tudions dans la section 5 les effets de variations locales des paramétres

de contréle sur le niveau endémique.

2. Le processus de propagation de L' infection

Pour décrire la manié@re dont 1'infection se propage, nous suivons une

suggestion de Dietz et Schenzle [3] en tenant compte explicitement de la dis-

tribution du nombre de contacts entre individus. Soit R la variable aléatoire

représentant le nombre de rencontres que peut faire un susceptible donné pen-
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dant une unité de temps. La variable R est supposée indépendante du nombre

d'infectés présents. Nous notons G(z), 0 < z < 1, la fonction génératrice de

R, et nous faisons I'hypothése, peu restrictive en pratique, 0 < E(R?) < 0.

Placons-nous 4 l'instant t; il y a alors i(t) infectés dans la popu-

lation. Pour simplifier 1'écriture, nous omettons l'argument t dans cette

section. Soit y = i/N la proportion d'infectés présents. Nous supposons que

lors d'un contact avec un susceptible, un infecté transmet le germe infectieux

avec la probabilité », 0 < » < 1. Par conséquent, un susceptible qui rencontre

un individu de la population deviendra infecté suite 4 ce contact avec la pro-

babilité gy.

Notons C la variable aléatoire représentant le nombre total de contacts

infectieux faits par un susceptible donné pendant une unité de temps. Pour

l'intervalle (t, ttl], ona

R
C= 5 xX.

jal?
ou les xj sont des variables aléatoires indépendantes et distribuées suivant

Ja loi de Bernoulli de paramétre gy. Dés lors, la fonction génératrice condi-

tionnelle de Cl|y est donnée par

E(z°|y) = G1 - gy +ayz), Osze1. (1)

Remarque. Supposons que R ait une distribution 80) dépendant d'un

paramétre 6 € 0, et soit G(z36) sa fonction génératrice. Suivant la définition

de Berg [1], la famille de distributions Po), 6 € Oo} est dite fermée binomia-

lement si pour tous 9 € o et y € [0,1], i1 existe un 8(6s) € 0 tel que

G1 - y+ yz; 0) = Gz; Sey], Oszel.

Si c'est le cas, nous déduisons de (1) que

E(z°|y) = Gz; 80, wl, Ox<zel,

c'est-a-dire que Cly a comme distribution#[8(6, y)]. Ainsi par exemple, les

familles de distributions suivantes sont binomialement fermées : {Poisson (A),

d > 0}, {Binomiale (M,p), 0 < p< 1}, {Binomiale négative (Mp), 0< p< 1h,
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et on trouve alors que

si Rv Poisson (x), alors Cly ~ Poisson (agy) 5

si Rv Binomiale (M,p), alors Cly ~ Binomiale (M, pgy) ,

si Rw Binomiale négative (M,p), alors C\y ~ Binomiale négative

(M, p/[p + (I-p)oy]) -

Finalement, faisons l'hypothése habituelle qu'un susceptible devient

infecté s'il a au moins un contact infectieux. De (1), nous obtenons que la

probabilité qu'il contracte la maladie pendant (t, t+1] est égale a

Pr(y) P(C = Ty)

1 - G(1 - gy) - (2)uw

3. Le modéke dépidéimie Logistique

Comme expliqué 4 la section 1, le modéle d'épidémie logistique tient

compte de deux processus, la guérison d'infectés et l'infection de suscepti-

bles. Dans la version déterministe du modéle, le nombre i(t+1) d'infectés en

t+l est défini par la relation de récurrence

(I-g) i(t) + Pyty(t)IEN - i(t)]

= (1-g) i(t) + {1 - G1 - gy(t)HIN - i(t)] . (3)

Divisons (3) par N. Nous obtenons que y(t) = i(t)/N est solution de

i(t+1)

1'équation aux différences du premier ordre

y(t+]) = fly(t)l » (4a)

fly(t)] = (I-g) y(t) + {1 - G1 - gey(t)H1 - y(t). (4b)

4. Le phénomene d' endémcité

Nous commengons par déterminer les conditions conduisant a une situa-

tion endémique au sein de la population. En adaptant la méthode de Cooke, Calef

et Level [2], on peut démontrer le théoréme 1 ci-dessous. Notons my = E(R) .
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Théoreme 1. Si Mm O< gs alors f(y) a un seul point fixe, 0. Si

m > gs alors f(y) a deux points fixes, 0 et y*, ce dernier étant la racine

positive de 1'équation

y = (1/g)t1 ~ G1 - ey) }(1-y) 5 (5)

l'état 0 est instable tandis que 1'état y* est globalement stable.

Dans le contexte épidémiologique, ce théoréme montre que si Mm O< Gs

1'épidémie finira par s'éteindre tandis que si ™ @> Gs 1'épidémie deviendra

endémique : c'est le phénoméne de seuil. La condition mos gest intuitive

et consiste 4 comparer les nombres moyens de contacts infectieux et de guéri-

sons pendant une unité de temps o¥ la proportion d'infectés présents est infi-

niment petite.

Envisageons la situation ot 1'épidémie devient endémique, c'est-i-dire,

Supposons m, @ > g- Le niveau endémique y* est alors la racine positive de (5).

Le plus souvent, y* ne peut étre calculé explicitement et il est donc intéres-

sant de construire des bornes simples pour y*. Le théoréme 2 ci-dessous fournit

des bornes explicites pour y* qui reposent sur la seule connaissance de quelques

paramétres importants de la distribution de R.

Théoreme 2.

. Notons my

k

c

Alors une borne inférieure pour y* est Ying donnée par

(2/0)= [(c #9 + m(1-0))/(e + my MKD (6b)

E[ R(R-1)] et définissons

" partie entiére de (m) + m5)/m , (6a)

2 my/(k#1) ~ my/k(k#1)

Vint.
. Notons Py = P(R = 0) et définissons

" partie entiére de m/(1- p,) » (7a)L

n=m - 2(1- py) -

Alors une borne supérieure pour y* est Ysup donnée par

Youp. = 1 G/L (1-pg9) = (I-pg-n)(1-0)* = n(1-0)"*1) (7b)
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La démonstration de ce théoréme est assez longue et n'est pas reprise

ici; une version détaillée peut étre obtenue auprés de l'auteur. I] convient

de souligner que Vine. dépend uniquement des moments m, et my, et que Ysup.

dépend uniquement de la moyenne m, et de la probabilité Po:

5. Effets de variations Locakes de parametres de contrdle

Placons-nous dans le cas o¥ 1'épidémie a atteint un niveau d'endémi-

cité y* > 0. Les deux politiques de santé publique usuelles consistent d'une

part 4 améliorer la qualité des soins apportés aux malades, et d'autre part 4

renforcer les mesures préventives pour les personnes en bonne santé. Dans le

modéle d'épidémie logistique, elles correspondent, respectivement, 4 augmenter

g, la probabilité qu'un infecté guérisse pendant une unité de temps, et a aug-

menter 1-y, la probabilité que lors d'un contact avec un infecté, un suscep-

tible ne recgoive pas le germe infectieux et reste en bonne santé.

I] est intuitif, et on le démontre facilement, que si g ou 1-@ augmen-

tent., alors y* diminue. En pratique, les modifications qui peuvent étre appor-

tées 4 ces paramétres sont généralement, 4 court et moyen terme, de trés faible

amplitude. De plus, il arrive souvent que pour des raisons médicales ou maté-

rielles, une seule de ces deux politiques puisse étre mise en oeuvre. I] con-

vient alors de déterminer la "meilleure stratégie locale", c'est-a-dire, celle

qui, par une légére variation du paramétre, diminue le plus sensiblement le

niveau d'endémicité y*.

Une augmentation locale de g sera préférable 4 une augmentation locale

de 1-@ lorsque

jay*/ag| > lay*/a(1-e) | - (8)

De (5), nous obtenons que (8) s'écrit encore

12 (I-yt) G(T - wy*) . (9)

I] est clair que si m < 1, alors 1'inégalité (9) est toujours satisfaite. En

d'autres termes, si le nombre moyen de rencontres par unité de temps ne dépasse
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pas 1, la meilleure des deux politiques est d'augmenter localement g; ce

résultat n'est pas surprenant. Si, au contraire, my, > 1, alors (9) n'est

plus nécessairement satisfait, et i] peut étre préférable d'augmenter loca-

lement 1-.

A titre d'illustration, nous continuons la discussion de ce probléme

dans les cas particuliers ot R ~ Géométrique (p) et R ~ Poisson (A), avec

m o> g. On peut montrer qu'augmenter localement g[1-y] est préférable si

l- est inférieur [supérieur] 4 une valeur critique 1-~(g), o0 w(g) est dé-

finie pour la distribution géométrique par

w(g) = 11/2(1-p)1 (=p + Ep? + 4 p(1-pgigtt/7y , (10)

et pour la distribution de Poisson par

(9) = [(gtl)/(a-1)] Ink (gd + 1)/(gt1)] (11)

Dans (10) et (11), (g) est une fonction croissante, concave et telle que

(0) = 0, o(1) < 1. Ce résultat nous apprend donc que la politique optimale

consiste 4 augmenter localement gl 1-] si g et 1-~ sont suffisamment petits

[grands]. En gros, il convient de traiter les infectés ou les susceptibles

selon que la maladie est dure ou bénigne.

BIBLIOGRAPHIE

{1 Berg, M., Stochastic Models for Spread of Motivating Information,
Naval Res. Log. Quart., 28, 1981, nr. 1, pp.133-145.

[2] Cooke, K.L., Calef, D.F. and Level, E.V., Stability or Chaos in Discrete

Epidemic Models, in Nonlinear Systems and Applications - An International
Conference, 1977, Academic, New York, pp./5-93.

[3] Dietz, K. and Schenzle, D., Mathematical Models for Infectious Disease

Statistics, in A.C. Atkinson and S.E. Fienberg (eds.), A Celebration of
Statistics, 1985, Springer, New York, pp.167-204.

45



Belgian Journal of Operations Research, Statistics and Computer Science, Vol 25, n° 2-3.

ANALYSIS OF SINGLE

SERVER QUEUEING SYSTEMS

WITH VACATION PERIODS

Jacqueline LORIS-TEGHEM

Université de I’Etat 4 Mons (Belgium)

ABSTRACT

For an M/G/1-type queueing system with a different service time distribution for thefirst

customerserved in a busy period, we considertwotypesof vacationpolicies for the removable

server andinvestigate the transient and steady-state behaviourof the waiting time process

for the FIFO discipline. We then extendthe steady-state analysis to the case where the server

applies a combination of a vacation policy and the (0,k)-policy.



1. Introduetton

In [1], Levy & Yechiali studied the steady-state of two

M/G/1 models in which the removable server leaves the system

for a "vacation period” whenever a service terminates with no

customers left in the queue.

We show that "Model 1” and "Model 2” in [1] - extended

by considering a different service time distribution for the

first customer served in a busy period - are both examples of

the generalized queueing system considered in [2] and [3], for

which the transient behaviour of the waiting time process was

studied via an algebraic approach based on the concept of

Wendel projection in the case of arbitrary interarrival and

service time distributions [2] and by using integral represen-

tations of the involved operators in the case of interarrival

times or service times having a rational characteristic func-

tion [3]. From the results in [3], we derive the transient

behaviour of the waiting time process for our extended Models

4 and 2 and, aS a limit result, we get the stationary dvetri-

bution of this process.

We then generalize the models by considering a combina-

tion of the vacation policy and the (0,k)-policy and extend

the steady-state analysis of [1] for what the queue length concerns.

2. Desertption of the models

Customers e. n 20, arrive according to a Poisson process

of parameter A and are served in the order of their arrival.

We introduce the following notations relative to customer

Ein 20)
n

Ve : the arrival instant ;

v : the service initiation instant ;

UA : the departure instant
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and define the random variables

ao=T = 7 Cinterarrival time) ;
n n+1 n

d= T’ - max (T"_,, T_}) (delay imposed on €5;
n n nt n n

s =7" - T! (service time of ©.) ;
n n n n

w..= Tlo- 7 (waiting time of €@ 3s
n n n n

voe T= T (sojourn time of €_),
n n n n

for which the following relations hold

(n 21)

s = os if T <7" ;
n on n n-1

>
18h a‘ Ta Thea

where Gl 88 ai apt ior is a sequence of i.i.d. random vectors,

independent of fa tiso:

For Model 1

d = 0 if T ST") or T >" tu
n n nod n n-1 n

” eT iet  <T <T  4#u,Tied * es Ts if Tel qT, aSiJ uy

where Tu, } os is a sequence of i.i.d. random variables, inde-

>» 4S o> J .pendent of f(s, 18 Beg by

Cu is the duration of the single vacation during which

the server leaves the system if no customers are left in the

queue at Tra)
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For Model 2

d =0 if To <7" 3
n n n-4

i i-1 ds

Th-4 ees “hv - T tf Tha 2 “hv <1, S M1 se “navv=1 , va , v= ,

(i 21)

where the u.. (n 21, v 21) are i.i.d. random variables in-
ns

dependent of {(,s.> Sn? ane tis:

Cu u are the durations of the successive vaca-n,1” °n,2’
tions during which the server leaves the system if no customers

are left in the queue at Th

vacation, he finds a non empty queue)

until, coming back from such a

3. Transtent and steady-state behaviour of the sojourn time

and the watting time processes

Using the fact that the arrival process is a Poisson

process, it can be derived from the above description that

where {,d } 5, is a sequence of i.i.d. random variables inde-
Ton na

 

  

pendent of {( ss, ,s , a i} >,’ the common distribution of
on 1h n-1° n#41

which is given by

for Model 1

“8 Sn 4
E (Ce d= Goy [eu (A) - Au (8)] (1)

for Model 2

“6 ad
tony 2 otA .E Ce Js to oe [u () u (ol, (2)

-8u -8 u y
where u (8) denotes either E (Ce ") or E le Baty
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Thus either model is an example of the generalized queueing

system considered in [2] and [3].

Supposing that vy is independent of the vectors

(,d)> een? +P at aii, )ntand using the following notations

<0 W. -8 w

h_ (0) = E Ce }3 g (0) = — le a
o oO

A a9) vy A -6 Wh

h (6) = ZX z E le Jag (6) = 2 z E le )
2 n=0 c) 10

([24] <1)

-8 49 -8 a8

a wp) @ 4, 25

we deduce from the results in [3] that

-—1{6 -byey MO) = gS eeer=A, OO

+z bez) [d a (0) + (@ - A) a (6) 4s (631 }

1
eetegsos,

* rz [,s (0) g, (6) - hy (ey] +

Bz) (6) =

+2 (LA + (8 - 2) 4d (6) +

+z 4a (8) Cs (8) - 8 (6) }

h_ Ce (z))
Q

with BG _eS

4 = 4% he: :€2);) 48 Ce (z2))

where, for |z| <1, € (z) denotes the unique zero of the func-

tion @- A} +zar 62 (6) in the half-plan Re 6 > 0.

The function ,d (@) is given by (1) and (2) for Models 1 and 2
4

respectively.

Putting u 0 m c
3

0 m c

d
1

4 mn

=
a

5

o in m o : 4 es N
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and supposing that these expectations are finite and that

rv oS <1, one gets, for the stationary distributions

(2)
h (6) = lim (1 - z) h (6) + g (6) = lim (1 - z) Bi 2) (6)

Zz" 2

As (0) + (@- A) ,d (6) »s (0)
o 4 4

h (eh = TST STH =

A+ (6 - AJ ,d (6) +A d (6) Cs (6) - ,s (6))
4 “t o 4
 g (0) =& So he a8 C8)

1-d OS
with § = ————___—

1-2 CS - 49 +248

For Model 1, ,d (8) is given by (1) and a> ASE

   . 5. Aw OD -ie i =For Model 2, 49 (8) is given by (2) and 44 Lire OO

Particularizing relation (3) to the case where °° (8) = 3 (6),

one gets the expressions given in [1] for the steady-state dis-

tribution of the sojourn time in Models 1 and 2.

4. Combinatton of the vacation poltctes with the (0,k)-poltey

In this section, we generalize the models described in sec-

tion 2 by combining the vacation policy with the (o,k)-policy

(k 2 1) i.e.

for_Model_1 : when a service terminates with no customers

left in the system, the server leaves for a single vacation.

When coming back, he immediately initiates a busy period if at

least k customers are queueing ; otherwise, he waits until k cus-

tomers are present to start serving again ;

for Model _2 : when a service terminates with no customers

left in the system, the server leaves for successive vacations,

until, coming back from such a vacation, he finds at least

k customers queueing.
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The steady-state analysis performed in [1] for k = 1 can

be readily extended. We consider the instants uy To? wane ts

at which either a service or a vacation period terminates (where

by vacation period, we mean a single vacation for Model 1 and a

sequence of successive vacations for Model 2) and we define

x = (i ,. 1_.), where 1. denotes the queue length at t. + O and
n n n n n

i, is O (respectively 1) if a vacation period (respectively a

service) terminates at tae

Putting

pi = lim Pr [1_ = jli_ = 1]
i] nee n 4

and supposing that O° <1, we get the following expression

 

 

 

 

 

 

for the generating function pik) (z) = = zd pi) ([z| <1)\4 0 ji4
dg

~ for_Model_4
K-41 Kk

s (AU-z2)) [uQ1-z)) + 2b. (2-20) - 6s (A423)
(kK) tK) 2 r=o__ 7 °Pia fa) = &

Zam o (NG Z))
oO

1-A Ss
Ck) °with Go) = ma —

Au+ ZY b Ck-r) - ACs - 8)
reso 7 o 4

r

where b_ = f Pht Oh _ dPrfu. < t] (r 20)
ir o = n

- for_Model_2
Njin tay 12 A-2)) 8 Mozy = 98 CAC-2))

Pia (2) = 8 (4)
z- os (\(1-z))

o

te Xe
with ah 2

my Cs - 8)
o i

where B Wes) = D 2 pr in’? = rl
Pk

mS ee nth),

33)



Mk) ;
n denoting the number of customers arriving during a vaca-

tion period.

 

YOK) “I
The B (z) and pak, k 2 1, can be recursively derived

using the following relations

 

ke~ me -Bez) cr - by = bo2P CBR (2) - abe u teed) >be
r=4 (5)

k-1 Qe

nel @ = bre BbweM yg (6)
r=1

 

Model 2 can be further extended by allowing the distribu-
. ; e * 5 5tion of the duration uy 0 of the v~ vacation in a vacation period>

to dependon the number of customers present in the system when

the vacation begins : given that this number is equal to r

(r = 0, «+, k-1), the conditional distribution of u 3 has the
ns

Laplace-Stieltjes transform uy, (6) (we put Ug (6) =u (6)).

[This generalization was suggested to me by Jacques Teghem Jr.]

Relation (4) still applies, as well as relations (5) and

(6), the random variable Acker) corresponding now to the model

combining the (0, k-r)-policy and the vacation policy in which

the conditional distribution of a vacation, given that r’ cus-

tomers are present when it begins, has Laplace-Stieltjes trans-

formu, (@) (r’ = 0, ..., k-r-1).
eee
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RESUME

Nousconsidérons un modéle d’attente du type processus de vie et de mort homogéne:
= (Nn + INdetp, = Nw; rX>O0,p>0.
Il s’agit d’étudier le processusaléatoire {T,, k > 1}. Par définition T, est la longueur d’un
intervalle de temps qui commencea tout instant oti le systéme contient k clients et finit
a l’instant ot le systeéme devient vide pour la premiérefois.

ABSTRACT

Weconsidera queueing system generated by an homogenousbirth and death process of
following type:

A = (N + NAandp, = nNpsrA>0,p>0.
Westudy the randonprocess{T,, k > 1} where T, denotesthe length ofa timeintervalstarting
at each instant whenthe system contains k customers and endingat the instant when the
system becomes emptyfor the first time.



1. Introduetton

Les modéles d'attente du type processus de vie et de mort sont repré-

sentés, en général, par la notation Mi/M/1. Cette notation rappelle que les

5 + vs 7
paramétres taux d'arrivée dn et taux de service us varient avec 1'état du sys

téme. C'est une généralisation dynamique du modéle statique M/M/1. Parmi les

modéles d'attente du type Mi/M,/1, nous pouvons Citer :

Modéle A : OO, =v’, w= nu) 3

Modéle Bi: (A,= (n + 1)A, Uy= mu) 5

a a = » =Modéle C : (A,= net? Un u). 

Ce classement alphabétique suit l'ordre croissant des difficultés dans le calcul

des probabilités d'état en régime transitoire (R.T.), (4).

Le probléme des périodes d'occupation en R.T., qui nous intéresse ici,

concerne le Modéle B. Notons que ce Modéle B rappelle un centre de service

ot un afflux de demandes provoque une réaction compensatoire du serveur.

C'est surtout dans ce modéle que s'exprime cette généralisation dynamique

du modéle statique i/M/1, (1 ; 4).

Le processus des périodes d'occupation en R.T., concerne en général, deux
variables aléatoires (V.A.) :

~ la longueur d'un intervalle de temps Ths (k 21), qui commence a tout

instant ot le systéme - nombre de clients - se trouve dans l'état k et
finit 4 l'instant ot le systéme devient vide pour la premiére fois ;

- le nombre N(T,.) de clients servis durant Ty.

Nous considérons en particulier la premiére de ces deux V.A. C'est-a-dire,
en notant par yj, (t)dt = IP (t<T<tedt, MT) =r],(r>k) (1)
et par TG, t) la fonction génératrice des Yeft)» nous nous intéressons

a l'expression de rad, t) pour le Modéle B. na, t) est la densité de

probabilité de la période d'occupation T,» (k 21). Nous supposons qu'a
l'instant t = 0 le systéme contient k clients et que les V.A. qT, sont stochas-—

tiquement indépendantes et équidistribuées.

HADIDI, (3} » s'est occupé de ce probléme mais dans le cas des Modéles A et
C uniquement. Ila calculé, pour chacun de ces deux modéles, la transformée

de Laplace de la densité de probabilité de la V.A. Tye D'ot l'on peut, en
principe, obtenir tous les moments de cette V.A. Ty. Nous montrons que cette

méthode de HADIDI peut s'étendre au Modéle B.
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2, Equation fonettonnelle régissant le processus des pértodes

d'oceupation dans le modéle B

La fonction Yep (4) (x 3k 21), définie par la relation (1), est la densi-

té de probabilité d'une période d'occupation Th au cours de laquelle r

clients sont servis.

Soient Yi la transformée de Laplace de Ye(OD et ros z) celle de la

fonction génératrice

S kth
Tx, t= 220 x Yk, ag 6b) ’ |x| <i. (2)

En procédant comme HADIDI (3| pour les Modéles A et C, nous obtenons

1'équation fonctionnelle suivante pour le Modéle B :

 

*
KATY ¢2) =(@ t kk + (k - Lu} TE)2) ie

- (ke = 1)ux PEyO)
 
 

(k 2 2).

L'équation (3) régit tout le processus des périodes d'occupation du

Modéle B. Sa résolution en x=] fournit l'expression de Ty(1.z) 3 dtou

l'on pourra calculer tous les moments de la V.A. The En effet, ma size)

étant la transformée de Laplace de la densité de probabilité rit) de

Tee l'on se souvient alors que

no*
; 1,2)(k)_ eM) _ nd rf ime B Cee) = (1)? —K—— (4)

dz z=0O
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$8. Cateul de l'expression de it (1,z).

En x=l, l'équation (3) donne

kA PRCL,2) = (2 + kA + (ke - DulTEC2)
(5)

- (ke - 1)urf_,Q.2).

En réalité, (5) est un systéme infini d'équations algébriques. D'oa une

méthode adéquate pour le résoudre est de recourir a la fonction génératrice

oo
L(1,z,y) ate y* rez), ly| <1 (au sens strict). (6)

Dés lors, (5) équivaut 4 l'équation différentielle linéaire en la

variable y (on considére z comme paramétre) :

OL w=Ge) | ATT, 2)-ny ind ea
dy (1-y) (A-uy) C=-y)O-ny) ’ ,

7CI : L(1,z,0) = 0. ™)

La solution de (7), compte tenu de CI, est alors

~© Q(a)y"Ai = a ae nm

ms a DD [a ya) " Cie) n!(A/y)?

xf BLBy@@yJt
=o (n+ j+1)! (1-y) Itt

g Q(@y MT 2 (ntl)! Hy ayysttepee) eTeee J
n=o (nl (A/M) PHT jeo(ntj42)! C1-y) FT a

 

Les fonctions auxiliaires introduites dans la formule (8) sont ainsi

définies : _
1: si j@éNn,

Hy (a) = 1 Si, 7 = 6;
a(a-1)...(a-j+1) si fj 21;

° si i€
(71 si2 e rn

N,
oO

(atl) ...(a+j) si jf zl
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L'expression de L(1, z, y) ci-dessus se met finalement sous la forme

de séries entiéres en y ; séries qui convergent absolument et uniformé-

ment pourvu que ly] < a <1.

wo (-1)Y H(A)y¥ Q,(a)
LQ, 2, y)= 2 ———— —-E- ————

2 v=o vt! (A/u)Y n=o nt (A/u)ttl

n+j+1 *
x © nl Hy(o © +xAtha ye SHO § TTTyr

f=o (n+ j+ 1)! r=o j

0: 1)! Hs(a)yDts+2 & a
-~auee s Oty} (9)
jso (n+ j+ 2)! r=0 j

Par la définition (6), rT (1, z) est le coefficient de y* dans (9).

Et en vertu de la convergence absolue, le calcul du terme en yk se fait

comme dans une somme d'un nombre fini de termes. Il en résulte que :

k-1 v ==x (1) Hy) kewl Qn)
ty Ga 2) “Eo VIQ\/u)Y my, El, Fe eg ntQ/yu)a

k-n-v-1 k-n-y- 1 nll(o)

xT ( y ) GD!

k-2 (-1)¥ H(a) ie =2 Q,(@)
~ & aera aaa

veo y!Q/u)Y keo  nt CA/yth

k-n-v-2 k-n-v-2 (nt1) 1HCa)
Xe OS
j=o j (n+j+2)!

*
On constate que 1'expression de ra, z), (kK > 1), contient encore une cons-

* ‘

tante inconnue, a savoir rd, z). Celle-ci sera toutefois donnée par la

formule suivante

*

Ma, 2)-<2)Pig, (qd)
1 d p* ,1+ A, Pig (2)

valable pour tout modéle d'attente M/M,/1 pour lequel le processus

{X(t), t 2 O}- état du systéme 4 l'instant t - est ergodique.

Notons que Pio (z) est la transformée de Laplace de la probabilité

Pig(t) = 2 (x (t) = 0 |X (0) = 1].
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La démonstration de la formule (11) a été indiquée par HADIDI, (2], mais

pour le Modéle A.

Une démonstration plus rigoureuse, basée sur la théorie de renouvellement,

a été donnée par NATVIG, 65] » pour le Modéle C..

Cette démonstration de NATVIG se généralise aux autres modéles MiMi/1

satisfaisant A l'hypothése d'ergodicité (4).

L'expression de Pig) dans le cas du Modéle B vaut, aprés quelques calculs:

* 12) (ntl) CWP
P. ==> Y ——— ; 12.10= Yate Gna) Gael) a

a = 2/(A-W) et 0 << 1.

Les relations (11)-et (12) permettent, enfin, d'éliminer la constante in-
*

connue [i (1, z) de la formule (10). Dés lors celle-ci peut servir au

calcul des moments de la V.A. Ty:

Calculons-en, par exemple, la moyenne :

 

 

a Ty (1, 2)
a dz 2=0

: s aed ¢ * 3 r 13>a):
Fi Gee Sg? Y 103a)

 

 = BG (u > A). (13b)

Ces résultats (13a) et(13b) s'obtiennent au prix de longs calculs, faut—

il le dire. Enfin, le calcul des autres moments, A partir de (10), est

une question de rowtine et de patience !
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ABSTRACT

Weconsidera familly of nested interval graphs and define conditionsfor this family to be

lower-homogeneous,i.e. to present at least one numerical representation byintervals of

the real line with origins independant from the index level.



1. INTRODUCTION

Considérons sur une droite, une famille finie {I(a),I(b),...}

d'intervalles.

On appelle graphe d'intervalles le graphe dont les sommets a,b,...,

représentent les intervalles, deux sommets étant joints si et seulement si

les intervalles correspondants s‘intersectent. Si A = {a,b,...} et si I

représente l'ensemble des arétes, on note le graphe d'intervalles G(A,I).

A une famille {G,(A,1,), i=l,...,k} de graphes d'intervalles

correspondant des ensembles d'intervalles {T,(a),ac A}, ifloseeski, de “Ta

droite tels que

(a,b) € qT ssi I; (a) a 1, (b) #6

Chaque intervalle I, (a) peut @tre défini par une origine 8, (a) et

une longueur q, (a) telles que I, (a) = [g, (a), 8; (a) + a; (a) 1. Dés lors :

(a,b) € Ip oa I; bs ssi 8, (a) sg; (b) +4, (b)

8; (d)<g,(a) +a, (a)

Une famille est composée de graphes d'intervalles G, (A,T;) emboités

ssi I)2 oe BD an

La famille des graphes d'intervalles emboités G;@,1,), i=l,...,k,

est dite inf@rieurement homogene (lower-homogeneous family of nested interval

graphs) si l'ensemble {I, (a), i=l,...,k,vae A} est tel que

8; (a) = g(a) ; i=l,...,k, tout acA
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Comme premier exemple, considérons

G,(A,T)) 6,1)

On peut obtenir deux représentations par des intervaliles dont les

origines sont identiaques pour chaque sommet de A :

0 1 mH 4 p> 0 1 2 3 4 >  

    
 

 

      1,() I, (a) T, Ce) Ia)
1,0) 1,2)" 1,0)’ 1,@)

{65(A,T), i=1,2} représente une famille inférieurement homogéne de graphes

d'intervalles emboités avec Inc q,- A ces deux représentations par des intervalles

on peut faire correspondre des orientations transitives des graphes complémentaires
vy :6 (A,P.) telles que a P; b ssi x>y, VWxeé I; (a), Wee I; (b) et Pia P,
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Un second exemple

a b a b

= e

d c d c

G6, (A,T,) 6,(A,1,)

permet de constater qu'une bi-représentation par des intervalles est encore

 
 

      
 

 

   

 

     

   

possible

0 1 2 3: 4 5 > 0 1 2 S 4 5

1,(@) I,(e) I, (a) T,(c iL, (a)

I,(c) I, )
1, ) I, Ce)

I, (a)

: . sas Pe . Ny
Des orientations transitives des graphes complémentaires G5 (A,P5)

correspondant aux représentations par des intervalles donnent

ba a a

e ee

d a f c

% %
G,(A,P») 6, (A,P,)

Ici on a encore Py DP mais la famille n'est pas inférieurement homogéne
1

ainsi qu'on le verra dans la suite car il est impossible d'obtenir une représen-

tation de 6; (A,1,) telle que 8; (a)=e(a), PSs 2s

Le théoréme de Gilmore et Hoffman (1964) nous apprend qu'un graphe G(A,1)

est un graphe d'intervalles si et seulement si G(A,I) est triangulé et son complé-
5 ~ cas ‘i

mentaire G(A,I) est transitivement orientable.
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Un graphe d'intervalles est appelé graphe d'indifférence si, en vertu

d'un résultat de Roberts (1969), il n'existe aucun sous-graphe partiel du type

Ki 3 (graphe complet biparti avec deux sous-ensembles de sommets de cardinals

let 3). La terminologie est malheureusement inadéquate puisqu'un graphe d'in-

tervalles représente également les indifférences relatives A une structure sous-

jacente de préférence du type "ordre d'intervalles".

Pour déterminer si un graphe G(A,I) est un graphe d'intervalles, on contréle

l'absence de cycle de longueur 4 sans corde par 1'algorithme de Tarjan (1976)

et on recherche les cliques maximales par l'algorithme décrit dans l'ouvrage de

Golumbic (1980) et inspiré d'un résultat de Fulkerson et Gross (1965).

Les cliques maximales doivent alors étre orientées de maniére que, lorsqu'un

sommet apparait dans plusieurs cliques maximales, celles-ci sont consécutives.

En se rappelant le résultat de Booth et Leuker (1976), ce probléme se

raméne & la recherche de matrices d'appartenance "cliques maximales-sommets"

telles que chaque colonne indiquant (par 1) l'appartenance d'un sommet A une

clique maximale présente une succession non interrompue de 1.

2, FAMILLE DE GRAPHES D'INTERVALLES EMBOITES INFERTEUREMENT HOMOGENE

ROUFENS et VINCKE (1984) ont introduit la notion de famille homogéne

en lignes d'ordres d'intervalles (row-homogeneous family of interval orders)

une famille d'ordres d'intervalles définis par les mises en ordre

Ow OG i=1,....,k) des lignes et colonnes des matrices d'adjacence

(cf. définition dans Jacquet-Lagréze (1978)) est homogéne en ses lignes

ssi 0, ; = O,, i=t,...,k.

Ils ont montré que la condition nécessaire et suffisante pour obtenir

une représentation numérique d'une famille d'ordres intervalles (4,P; 413) telle

que

(a Pp bw g(a)>g(b)+q;(b)

aT, bo g(a)sg(b) +q; (b)

8 (b)<g(a)+q; (a)
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avec I;,D1;, P; CP;, OSq;_,(a) Saja), a6 A, i-2,...,k

est que la famille emboitée d'ordres d'intervalles soit homogéne en ses lignes

Considérons une famille de graphes d'intervalles G;(A,1,). Les orientation
(£))
4»

tions possibles), associées A cette famille conduisent a des représentations

transitives GAP £=1,2,3,... (l'indice £2 correspond aux différentes orienta

matricielles étagées d'ordres d'intervalles induites par les couples

 

 

y £
G, cari »), G,(A,1,)) telles que

S(L) (2)
i %C,4

S (2) . ()Me (a,b) = 1 ssi ary U 1)

BS
N

SS
7 . aus v (2) es

Partant des orientations transitives Gi (A,P? ) associées aux graphes

d'intervalles G;(A,1,), i=1,...,k, on obtient les mises en ordre ae.
>

Il en résulte la proposition suivante

Une famille de graphes d'intervalles emboités

est infériewrement homogéne si et seulement

A'kL existe des onientations transitives

(Lp reee sO) tellers que

a . ee 7 7 oe

L,1 Lj2 oe L,k

Il convient, afin d'obtenir des ordres totaux 0. O, ., de travailler
Lyk “C51

dans l'ensemble AJES ot Ey représente une relation d'équivalence telle que

aE, b~ ssi al.c«*bI.c,YceeA
i i 1
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. EXEMPLES

3.1. Exemple 1

Reconsidérons l'exemple décrit dans la section 1

a b a b

i 2

d ¢ d Cc

G6, (A,1,) G6, (4,1) 1c qj

Les cliques maximales de G, (A, 1,) et G,1,) sont respectivement :

etl? = {a,b,d,e}(P= {a,b}

(2) = {b,c,e} eit? = {b,c,d,e}

cl?) {c,d}

Les mises en ordre des cliques correspondant & des matrices d'appartenance

présentant des 1 consécutifs en colonne sont

(2) (2) (2) ) a)Cy > 6% > C3 Cy >

(2) (2) (2) (4) a)
C3 > cy > Cc, cy > C,

et tels que :

a b c doe a ob c doe

6) 1 1 of) 1 1 1 1
1 1

(2) 4)cy 1 1 1 co 1 1 1 1

(2)
c, 1 1
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Il en découle les représentations matricielles (matrice d'adjacence) des ordres

d'intervalles sous-jacents

2D

a

b

 

s(1)
méme matrice que My

s(1)
méme matrice que My

Aucun des deux ordres (a>b>e>c>d), (d>c>e>b>a) n'est compatible avec les préordres

(a>bvevd>c), (c>dverb>a); la famille {6,(A,1,)} n'est pas inférieurement homogéne.

Notons que ni 6,14), ni G, (A,1,) ne comportent de sous-graphes partiels du

type K, 3° Dés lors, les ordres d'intervalles sous-jacents aux orientations
>

transitives sont des quasi-ordres et les graphes d'intervalles sont des graphes

d'indifférence.
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3.2. Exemple 2

  
b

a <

e £

g h

i j

G,(A,T,)

Aucun de ces trois graphes n'est un graphe d'indifférence car le sous-

a

<<

e

est présent dans G,@,1), i=1,2,3.

graphe partiel du type K, 3
2

Notons encore que dans GA,Iy), (h,i) forme une classe d'équivalence -

ils ont méme comportement A 1'égard de tous les autres sommets - et que (h,i)

et (e,f) sont des classes d'équivalence de G,(A,1,).
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Les cliques maximales de G3(A,13), G(A,T ) et 6, (4,1,) sont respectivement :
 

c,
1 {a,b,d}

cf); {b,c,d}

cS), {d,e,f}

cf}: ten)

es {g,h,il}

cf): th,i,5)

Q)
co

(2)
cy

(2)
&
(2)
©
(2)

Ss
(2)

Se

: {a,b,d}

: {b,c,d,e}

{eydse;£}

{d,e,f,g}

{£,¢,h,2)

{h, i,j}

c

Cc.

c

Cc

Q)
1

(1)
2

(1)
3

G1)
4

{a,b,d}

{b,c,d,e,f}

{d,e,f,g,h, i}

Chis.)

Les mises en ordre des cliques correspondant 4 des matrices d'appartenance qui

présentent des 1 consécutifs en colonnes sont :

(3)cy? >

of

(3)
c >Cc

(3)
3

>,(3) (3)
> Cy

2) 5 6) 5 6 5
1 3 4 5

6 5 65 65 6 5 6
1

(3)
Cy >

4 6

c® 5OD 5 6 ce?
3 4

ainsi que les classements inverses,

(2)
1 >

(2)
5 >

3

et le classement inverse,

cf) 5 6) 4 6) ,
1 Z 3

et le classement inverse.

sentations matricielles étagées des ordres d'intervalles sous-jacents
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4

£2), <2 5 &@

> ic

>
eo)
> of

Q)> C

Il en découle les mises en ordre selon les lignes des différentes repré-



Mise en ordre des cliques maxima les
 

(3) (3)
Cr.
(3) (3)co >

(3) (3)cy" > cy

(3) (3)co >

(2) (2)cy > C)

a) a)
Cc, > cy

Les ordres fa >b>c>d>e>f>g>h>idet fir>Ah>g>F

>

>

(3)
£3
(3)

o3

(3)
o3

(3)
C3
(2)

&3
@)

&3

i)
(3)> cy

>
ee

» ef?)

(1)> c;

(3)> Cy

(3)> ce

> c@)

(3)> Ce

> of?

> of
>
> of)

(3)> C,

> (2)

>e>r>d>c>b>al}

sont donc compatibles avec la famille {G,(A,T;)}. Le premier de ces deux ordres

donne les représentations matricielles des ordres d'intervalles sous-jacents &

{6,(A, 1;)}.

 

 

1



 

On constatera que les ordres 0, ne coincident pas (ordres d'intervalles !).

Les représentations avec origines communes sont les suivantes :

 

 

o

10
 

   

    
 

 (3)

7G)
 

   
  (3)

TO)

(3)

Fa)

10
 

 

  
i
(2)
(£)

  

  
   

7)
(c)f (2   ZFL

(z)

 To

Q)
Ta)

@y
ya)

10
 

  

@
TG)
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a)
IaL

TO)

@)
Ta)   mie)

 

Ta)

@)
4G)

 @
4a)
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ABSTRACT

The theory of autoregressive series and of random periodic series is briefly recalled. It is
shownthat the series of sample autocovariances enables to decide of the type of model
to adjust to the original series. Two examples are considered: the seriesof daily averages
of the athmospheric pressure at Uccle and the series of annual Wolf sunspot numbers.



1. Introduction.

L’une des applications les plus importantes de la statistique mathématique a la géo-
physique est la représentation des séries chronologiques d’observations au moyen de modéles
stochastiques en vue de prévisions. Parmi ceux-ci deux types de modéles jouent un réle ma-
jeur : les modéles récurrents ou autorégressifs et les modéles périodiques. Dansle premiercas,
la série chronologique obéit 4 une équation récurrente non homogéne dontle terme indépen-
dant est une quantité aléatoire simple; dans le second, a une quantité aléatoire prés,la série
se représente 4 l’aide de la somme de fonctions sinusoidales de périodes déterminées. Il va de
soi que les deux modélesse distinguent nettement en ce qui concerne leur pouvoir de prédic-
tion, le modéle récurrent n’autorisant que la prévision A courte échéance et le modéle pério-
dique permettantau contraire la prévision 4 longue échéance.

L’objet de la présente note est de rappeler briévementles propriétés des deux types
de modéles et les moyens deles distinguer; de plus, deux exemples sont donnésquiillustrent
Pun et autre modéle.

2. Lesséries aléatoires récurrentes.

Unesérie chronologique x, x2, ..., x, est dite aléatoire récurrente (autorégressive)
si elle vérifie une équation de la forme:

Xjtk 40 tay x; ta xp44 t.. tap xjqp_y t eure (1)

ott do , ay, ..., ap, sont des constantes et ot €;4% sont des quantités aléatoires simples de moy-
ennesnulles et de mémerépartition. De plus, Ala condition que a, # 0, elle est dite d’ordre k .

2

 

Avecvar e;= 07 ona aussi : cov(x;, e;) =0 pour i<j et cov(x;, e)=i?

Toute solution de (1) peut se mettre sous la forme de la somme desolutions parti-
culiéres de Péquation homogéne:

Xppy ay xt ay xp ten Hag rit py (2)

dontla solution générale est de la forme:

 

Dj xl) avec xW) =i, bi sin oi, bi cosai

sachant que b, et b, (cos a, +./—T sin @,) sontles racinesréelles ou complexes de l’équation
caractéristique associée :

zF ay 21 gy22... — a, =0 (3)
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Onen déduit quesix, est unesérie stationnaire, on doit avoir :

|b.)<1 et lb1<1 , donc aussi | a, | <1.

De plus, la série x; est la somme deséries amorties de fagon continueouoscillante.
Dansle secondcas, on peut la considérer comme “pseudo-périodique”.

Parailleurs, sion pose vp = cov(x;, x;4p) pour k > 0, on établit que la série des au-
tocovariances vp vérifie l’équation homogéne(2). Il s’ensuit que lim vp =0 lorsque k tend vers
Vinfini.

Enfin, si on désigne par Dp, les autocovariances empiriques de la série, c’est-A-dire :

Vp =lE xj x44 — (2 x)E x; pp)l(n — k)I/(n — k — 1) (4)

on montre quelasérie des 7, vérifie une équation du type (1) ot toutefois la quantité Ci4k
n’est pas aléatoire simple. De ce fait, la série des 7, ne présente qu’approximativementles
caractéres pseudo-périodiques dela série des vp mais apparait habituellement commeunesérie
persistante (nonaléatoire simple).

3. Les séries aléatoires périodiques.

Unesérie chronologique x1, x, ..., x, est dite aléatoire périodiquesi elle peut se
mettre sous la forme :

xj=aq + E(a; sin ji + b; cos ai) +e; (1)
J

ot ao, ap bi et a sont des constantes et ot e; sont des quantités aléatoires simples de moyen-
nes nulles et de mémerépartition.

Avec cj =Var + bF et by la;= tg + (1) peut encore s’écrire :

  

xj=ao + Ze sin(0% ib %) ex (2)

Avec var e; 0” onentire immédiatement:

.) =ag Yo = var xj =Ze7 /2 + 0

= = SieVp = cov(xy X34) H2(cj /2) cos a k (3)

dob il résulte quela série des autocovariances d’unesérie aléatoire périodique est unesérie pé-
riodique.

79



Si l'on définit la variance empirique 79 et les autocovariances empirique v; a l’aide

de la formule 2(4), il vient : E(79) =v , Ep) ™ vg. Deplus,si e; est une variable normale, on

a aussi :

var Vo = 20%/(n-1) , var Vp = o4/(n-k-1) et cov(dg, 0) =0 pourk #1>0.

(4)
On en déduit que la série Dp est également unesérie aléatoire périodique ayantles

mémes périodes quelasérie originale,la variance de vp étant toutefois croissante.

ee 2 2s . pe a ee a andi
Enparticulier, si on pose 5o Ics il est clair que la périodicité apparaitra d’autant

: Ei 2 ; i 5 ‘ re
mieux dans la série que 7; est petit. Par ailleurs, le méme rapport calculé pour la série Tp

devient en vertu de (4) :
2
45,;
wk

 7] Pp) =L OFkAG 14) = 5 (5)

ce qui montre que 5 (WR) <7 dés que (n-k-1) > 4 7 Z

I] s’ensuit que la période apparaitra mieux dansla série 7, dés que n est suffisam-

mentgrand,

Le calcul des autocovariances empiriques est donc un excellent moyen de détection

des périodicités dansles séries chronologiques.

4. Estimation de la récurrence ou de la composante périodique.

L’estimation des constantes peut se faire dans les deux cas par la méthode des moin-

dres carrés.

Utilisant les notations matricielles, sachant que 0” est le transposé de 0, on pose dans

le cas de la récurrence:

 

x= |bxjepll , wal xpepgyeeter ll » OP =llao ar... agll, e=leptp ll

tandis que dansle cas delasérie aléatoire périodique, on fait :

x=llx; ll, w=|| 1 sin aicos ai sin a,i cos ai... || , O'=|lao a1 by a2 ba Il,

d’ot il résulte que les équations 2(1) et 3(1) se mettent sous la forme commune:

x= u0t+e (1)
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Fic. 1. — Autocovariances empiriques 7, pour i = 1.2,....300, de la série des moyennes journaliéres de la pression
atmosphérique & Uccle (d’aprés deux années d'observations)

L’estimation de @ s’obtient en minimisantla forme quadratique :

e'e = ( x- u0)'(x- U8) (2)

ce qui donne l’estimation:

O=(wuytue et var O=(u'u)to? (3)

 

AiMeAAT Y YA
 

 

   
Fig.2 — Autocovariances empiriques J; pour j= 1,2, ..., 271 de la série des nombres de Wolf de 1700 4 1972.
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Deplus, on peut estimer 0? 4 l’aide dela relation :

o? =e’e/(n-n,)

ot n, est le nombre de paramétres estimés.

Dansle cas d’unesérie aléatoire récurrente, l’estimation peutse faire en ajustant suc-
cessivement des récurrences d’ordre croissant 1, 2,  jusqu’A Pobtention d’un résidu aléa-

 

toire simple. Pour une série aléatoire périodique, une premiére estimation des a; peut étre dé-
duite du graphique des autocovariances empiriques 7, , estimationfinale étant ensuite obte-
nue en retenantcelle qui donnela plus grande valeur a c, dans unintervalle (a, 0%) entou-

J J2
rant la premiére estimation de a, .

J

5. Exemples.

a) La série des moyennes journaliéres de la pression atmosphérique a Uccle (deux
années d’observations).

La figure 1 donnela représentation graphique des autocovariances empiriques VR

pour k=1, 2,..., 300.

 

Il apparait quela série est persistante, mais ne présente aucune périodicité systéma-

tique. Des ajustements successifs montrent que la série de pressions obéit 4 une récurrence
aléatoire d’ordre 2. La pseudo période des solutions de l’équation récurrente homogéne cor-
respondante est 16,7 j avec une erreur type d’estimation de 3,4 j. Cette pseudopériode est en
bon accord avec le phénoménedevacillation que l’on observe dans l’atmosphére. De plus, le
modéle récurrent a permis de faire une bonneprévision statistique des extrémes mensuels des

moyennes journaliéres de la pression, ceux observés durant une période de trente années se

révélant en bon accord avecla répartition théorique.

b) Le nombre de Wolf de tachessolaires.

La figure 2 donne les autocovariances empiriques 7, des nombres de Wolf moyens

annuels observés de 1700 4 1972 pour k = 1, 2, ..., 271. Le graphique révéle l’existence d’une

périodicité de l’ordre de 10,5 ans dont l’amplitude varie elle-méme avec une période de l’ordre

de 200 ans. Des essais successifs par moindres carrés du modéle qu’on en déduit permet de

trouver les estimations T = 10,494 et TY = 200,5 . Le phénoménedestachessolaires apparait

donc comme di principalement 4 un phénoménede battement entre deux ondes de périodes

voisines de 10,5 ans. Le résidu des périodicités estimées a été traité de la méme maniére et en

continuantdela sorte d’autres périodicités ontété tirées dela série.



Au total 26 fonctions périodiques de la forme a; sin oi + b; cos Gi ont été retirées
J J J

avant quela sélection n’ait été arrétée par un test de signification qui nesera pas détaillé ici.

Une comparaison a été faite entre la prédiction des nombres de Wolf qu’on peut en

déduire et les nombres observés de 1973 4 1983. La décroissance du nombre de Wolfjusqu’en

1976 a été prévue de facon acceptable de méme qu’un accroissement de ce nombre au dela,

mais Pécart entre les valeurs maximales observéeset la prédiction est trop grande pour rendre

le modéle admissible. En réalité, la prédiction fournie par un modéle formé des premiéres sinu-

soides suggéréespar la série des autocovariances et un résidu autorégressif du second ordreap-

parait par contre comme acceptable. Le phénoméneserait donc du a la combinaison d’un

effet périodiqueet d’un effet récurrent.
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ON AN OPTIMAL POLICY FOR DIVERTING

TRAFFIC FLOW FROM A CONGESTED AREA

TRAN-QUOC-TE

ABSTRACT

This workinvestigatespolicies for diverting traffic flow from a main way where someflow-
stoppingincident has occurred. The modelchosenfor describing the main way congestion
is basically a queuing model: vehicles that are trapped bythe accident canleavethe jam,
but at a slowerthan normalrate, and the congestion will terminate when the waiting queue
becomes empty.

The new feature introduced is that there exists a branching point in the upstream of the
congested area that gives a controller (either human or automatic) the ability of diverting
a fraction of vehicularflow towards some uncongestioned auxilary way. The objective aimed
is to minimize a cost function that measures 1) the amplitude of the congestion asthe total
numberof vehiclesinvolvedin the jam, the jam duration, and the total vehicle-hours waited,
and 2) diversion costs that may take into account the lengthening in travel time incurred
by diverted drivers.

Traffic diversion policies are analyzed by using a Markov(birth-and-death) model.It is shown
that the best rule leads simply to divert an arriving vehicle if and only if the current queue
length exceeds somegiven upper limit.



INTRODUCTION

Decisional models for vehicular tra

 

fic generally deal

with routing a traffic flow (viewed as either discrete or conti-

nous) in a network [Ol, 02, 03,...], or with synchronizing a

series of traffic lights [04, 05, 06,...]. These models usually

consider normal (i.e. expected) conditions on traffic flow, and

analyze steady-state behavior of traffic systems.

We examine in this work another kind of situations

which, while "accidental", may be nevertheless of some interest :

that concerns rules for diverting a vehicular flow from a main

way where some flow-stopping incident has occurred. Among queuing

models that describe the resulting jam, we retain that of Gaver{ 07]:

as far as traffic is concerned, - and only as far as traffic is

concerned -, a car accident mainly results in a physical obstacle;

the latter limits traffic flow to a slower than normal rate,

because jammed cars get in each others way. The congestion is

considered as completely dissipated when the jam queue length falls

below some non-congestion level. Traffic can then flow freely again.

We introduce a decisional aspect to the problem by

assuming that this stoppage happens in the context deseribed by

map (figure) 1.
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Whenever a car arrives at the branching point, one has

to decide whether this car should be diverted or not. Such a dicho-~

tomic choice, that should use control informations about the current

"state" of the system, must take into account the following two

bjectives : 1) reduction of ineffectiveness of the congestion,

nd 2) reduction of diversion costs.

As measures of the first kind, we consider :

- the jam duration, D,

- the total number of trapped (i.e. non-diverted) cars, N,

- the total vehicle-hours waited, that is the total waiting delay

of trapped cars, W.

Concerning diversion costs, we assume that any diverted

driver incurs the same lengthening in his travel time, hence a

penalty proportional to the total number M of diverted cars.

Optimal diversion policies are those minimizing expecta-

tion of

ce + + N +QD v4 Dal aM Gy

where the y's are given non-negative numbers.
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A STOCHASTIC MODEL FOR CONTROLLING THE JAM DISSIPATION
 

Let n, denote the number of cars present at the jam

at the beginning of the congestion, and n; the non-saturation level

below which traffic can flow freely and the jam is completely

dissipated.

We assume that during this phase vehicles arrive at the

intersection according to a time-stationary Poisson process of

rate A, and that trapped vehicles leave the jam according to a

"death" process of rates {uz }s that is, if the jam queue length

at some time t is i (i >n,), then, independently of the "past

history" :

Pr [O departure during [t,t+tAt] ] = 1 At +o(At),

Pr [1 departure during [t,tt+At] ] =u pat +o(At),

Pr [> 1 depart. during [t,t+At] ] 1 o(At),

for any At > 0. Allowing the departure process to be state-depen-

dent, we can describe situations in which trapped cars get in

each others way, by assuming for example that the sequence tu, /i}

decreases to 0 as i+.

Since arrival and departure processes are markovian and time-statio-

nary, we restrict ourselves to diversion policies specified by :

5 = (8.5 i > m}, (2)

such that :

556 [0,1], ¥i. ¢3),

Use of policy 5 means that, whenever a vehicle arrives at the

intersection while i other ones are present in the jam queue, then

that vehicle is diverted with probability oy (and non-diverted

with probability 1 ~5;).
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For n, >n,, the congestion may be considered as a period

or the first passage of the jam queue length from n; to n2~-1.

Jence, the jam is decomposable into a juxtaposition of n;-n, +1

periods, period i (i = n,,...,n,) being that for the first passage

of the queue from i to i-1 cars, see Figure 2.

Assume a given diversion policy is being used. We denote (1) the

duration of a period i, (11) the total time loss during this period,

(111) the number of cars that join the jam during this period, and

(av) the number of cars diverted during this period, by D;> Wes Nis

and Mi respectively. The total cost incurred during the decongestion

phase is the sum of costs related to each of the above-mentioned

periods :

c = (4)

 

= 74Pi * ras * TAN My (5)

 

are statistically independent of each other, by our markovian ass-—

umptions. We first derive a recursive formula for the joint Laplace

transforms

0 o © © 8 ©

ew©, (dsw,e.y) (6)
izn., d,w2>0, lal,lyl<1,

before investigating properties of optimal policies.

Consider now the evolution of the jam queue at some time

epoch. The next "event" that will occur is either a departure from

the jam or an arrival to the intersection (in the later case, the

arriving car may be diverted or not). Hence, for i*n, :
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( (T,,i17,,0,0), with probability wif OQtHs),

2 < (T},4T],0,1) + (D},Wi,Ni,Mi), with probability BATA),

| (Ty, iT!,1,0) + (Dr wi NU MYSar Gare Mpa Mian) + CDE -ME NE ME)
with probability (1-8 prA/OtH) 5

where the symbol = means equality of distributions, and where, by

our markovian assumptions

- T. + T! = Ty = a random variable distributed exponentially
i i

at
with mean tu)

_ ‘out oNtomMt) & . smear! 5 _
(Dy Wy NES Mi) (D,>Wy5Ni5Mi), and is statistically independ

ent of Ti.

_ (o" we nN" M"0) = (@
wl? atl? aed? it) vger ger? NaareMgaa)> and ts

independent of TY and of

  

  

woyt oye oyy £(DY Wy NE, MY) (D,,W;5N;,M;)-

Hence, using the fact that the Laplace transform of (the distribu-

tion function of) T; is

oi
L

&[e J= tu )/ (bth tH 5), t2o,

the above inductive decomposition of (DoWe .) leads readily to:
i

 

®, (d,w,z,y)
7 ay +6 Ay®, (d,w,z,y) + (1-8 ha ®,| (d,w,2,y)®; (d,w,z,y) on

d+iwu+yA +u,
1

 

This formula links , and ,,,, and allows recursive computation

of v5, ¥ i, provided some e is known

oe Bs « 0, = De oe Dy +, >
j-2 j-1 j j+l j+2
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It will be especially so if some fy =1, that is, if we decide to

divert any vehicle that arrives while the jam size is currently j.

In this case, as one can easily anticipate, 2. no longer depends

on Peete and the above formula reduces to a linear equation in ®,

whose solution is :

©, (d,0,2,y) = Hy / (d+jwtar +H Ay) (8)

Note that, from a practical point of view, there generally exists

a constraint of capacity on the main way that implies automatic

diversion whenever the jam size reaches some oversaturation level.

We now show that, even when such a constraint is not imposed, the

best diversion rule merely consists in diverting an arriving car

if and only if the current queue length reaches some dtiverston

level.

Recall that optimal diversion policies are those

 

aiaiMeaAE Ss

= n2
Cc = z (9)

isn,

Taking partial derivatives of e.> we obtain from (7) :

— 5 \a3
D; {1+ (1-6 )ADHy,

Wi = fit (1-5 AW,} / Hy,

= _ (10)
. = -6.) aiNy {1-6A+ BAN} / Hy,

= =
. = Pon -M, ={6X4 (1-5 AML} JH.

 

( +)
“Subsequently, upper bar denotes mathematical expectation.
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Henceforth, from (5) and (10) :

=8.)(4-5 A
 (

 

= a 11
7 is. *%n 77m * Sa? at)

i
where ch is the cost incurred on the average during period i when

6. = 1:
i

ae : 12ch (rgtin tay) fag (12)

Observe that the G's are "constant", that is, independent of 6;

they are also readily computable from parameters of the problem.

Equation (11) holds for any diversion policy, hence also for an

optimal one; denoting such a policy by 3, and the corresponding

costs by Ci we then have :

= (1-5) ~

2(Ci,
ies

at
From this last equation, it is obvious that :

za Ch Il
rt, 7m * CE (11)

- if (Ci, ty, 7-7) > 0, then we must have oy = 1, while

- if Cy tty 7m) < 0, then 8; = 0.

(This can also be justified by the principle of optimality: a car

that arrives while i other ones are present causes a marginal cost

of y,, if it is diverted, and a cost C,,, +7, if it is not diverted).

Ignoring the cases where (Cray ty 77) = 0, (in these cases any

value of Ong is optimal),we may say that optimal diversion policies

satisfy a property of all-or-nothing one encounters in other

diversion assignment problems [01].

From (rn), it is obvious that, since the c, are related to an opti-

mal policy while the cl. concern a non-necessarily optimal one :

c. < Ch , ¥ i.i i

Hence : (C| ty 7) <0 implies, a forttort : (Ciyy +1 77 Q) <0
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This leads to the following practical rule

Froposition1.

cl i< - §. =| If Chg <1 _ 7% pe then 8, 0

Another case where a trivial solution to our optimization

problem exists is that Ya Vg < 0. Since Cray > 0, we then have

Proposition2.

- < 5. = i| Tf£ Tm My 0, then 6, 1, ¥ i.

In the remaining part of this section, we shall examine

the case

Va oH, = Oe €13))

Proposition3.

| C; > (ygr ir, +d.) [HG ¥i.

 

Proof.

Cy = min C; (this minimum is taken under the constraints (2,l11,2)

8 er. (1-8 )r 7* eax wee gs _ 1
nae Cia, * aa 7 7% + Cy > by C11)

iG i i
x a0 - By 77) + Cy > by (13)

W (vg tin, tay.) / ey, by (12) ®

Propositions 1 and 3 are now used to establish

Theorem 1.

Assume that the sequence {Gig * £75? Wy) / AGS i >n,} increases

monotonously to infinity with i (hence the sequence {ci} also does).

Let

i, = max {i >C!. <y_ -¥_). (14)
itl m n

Then there exists an optimal diversion policy 5 that satisfies

ug ( 0, for i< tye (15)

6. =
+ 41, for i > ips (16)
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The basic assumption of this theorem can be justified as follows

at any time, the more there are trapped cars, the more they obstruct

each other and the lower is the instantanous flow rate CH 7 0)5

in any way, this auto-obstruction implies that jam dissipation rates

cannot be higher than that of non-congested M/M/* queues (as = ip);

therefore uy never increases more rapidly than i CH /i ro).

Equation (15) is a mere restatement of Proposition l.

For proving (16), we proceed by contradiction and assume that

5, #1, for some j > i,, (17)

for any optimal policy 5. Then we show that

51, BRD 5. (18)k

But, using (11) with i = k, inequations (18) imply

Sieey Pe Vv“% S 0, ¥k j (19)

(otherwise, Chad yt > 0, and ay would be 1). This contradicts

our basic assumption and Proposition 3, since ci 7e gis; 1 :secdy

It remains to establish (18), by induction.

If for some k 2 ijt 5 # 1 for any optimal policy 3, then

= <0.
Cer tp Tm °

But the case Chad AEG, = 0 is to be discarded, since ny may be

chosen equal to 1. Therefore

Seer ty Im < 9° (20)
On the other hand, by definition (14) of iy:

clos >y -7.Cet Tm 7a @y)
Inequalities (20) and (21) imply

il ~
Char > Spar:

Reusing (11) with i = k+l: 8 ee # 1 (otherwise, ead = 1, and we

a = 1would have Cea F Chap
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CONCLUDING REMARKS
 

*

Theorem 1 provides a simple and practical rule for ve-

hicular diversion since one can readily obtain the optimal diver-

ston level from parameters of the congestion, and then use the

policy defined by (15, 16). May be these parameters, and especially

the jam dissipation rates, are not easy to estimate in practice,

and this difficulty may limit the useness of the theorem. However,

the kind of policy it states, — divert above some jam size —, seems

very reasonable under natural conditions of auto-obstruction.

Intuitively, such a result should hold also under more general

hypotheses about arrival and departure processes. Note that the

imbedded decision process owns the following trivial characteristic:

choices must be made at and only at car arrival epochs. Therefore,

even if the arrival process is "general" (that is, a renewal process)

but the departure process is kept markovian, then the diversion

decisional process remains markovian too, meaning that jam size at

arrival times still constitutes the exhaustive information to our

control problem.

Under the above stochastic assumptions, a recursive formula for c.,

in an integral form, is not difficult to obtain. Unfortunately, we

are not able to derive from it a generalisation of Theorem 1.
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ABSTRACT

This paperis devoted to the determination of the optimal operating rule for the behaviour

of a removableserver. Wefirst examinethe caseof an individual service process, in M/G/1

queues with N-policy, D-policy and T-policy respectively; certain special cases are also

examined suchas the finite capacity case, the case of heterogeneous customers,... The

problemswith batch service are then described andtworelated applications are considered
in details: the control of a shuttle and of a clearing system.

(*) This paper was written during a stay of visiting professor at Kyoto University (Department

of Applied Mathematics, Faculty of Engineering) with the help of a grant from the Matsumae

International Foundation.



Queueing systems have already a long life (see "Sixty years in

queueing theory", Bhat, Mn. Sc. Vol.15, 6, pp.280) and after the second

world war, queueing theory became not only a basic branch of applied probability

theory, but also one of the classical methods of O.R. From the outset, some

practical problems were treated by queueing systems : e.g., telephone exchange,

job-scheduling, etc, ...; nevertheless, queueing theory is often considered

by some operations research workers as "a fine mathematical model but ...

inapplicable". One of the main reasons of such an opinion certainly is that

queueing theory has examined interesting and sophisticated models in the field

of applied probability, but often disconnected with decision or optimization

problems of 0.R. Although some control problems were early introduced in

queueing models, they always were static or design problems (in which the

system characteristics do not change over time) and clearly this type of

problems did not meet the necessities of the greatest part of the practical

queueing problems.

In the last twenty years, this situation has considerably changed in particular

under the initial impulse, among others, of Naor'school in Israél and research

workers, like Heyman, from Bell Telephone Loboratories in U.S.A. There has

been an increasing interest in the study of dynamic control problems (in which

the system characteristicsare allowed to change over time) and a lot of number

of papers concerning this field have been published in the most famous journals

of O.R.. One of the main reasons of this development surely is the existence

of new practical queueing problems related to the management of great centers,

in sectors like distribution, administration, public services, but especially

to the management of computer centres. Moreover for the future, the present

development of promising research fields, like queueing networks and the

performance evaluation of computer networks, create new large possibilities

for further applications of control models for more complex queueing systems.

(For a stimulating review of such possibilities, see the report "Optimal

control of admission to a queueing system" presented by Stidham Jr. at IFORS

Congress (augustus 84)).
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Several papers have already been published to review this new branch

of queueing theory : Crabill-Gross-Magazine /73,77/ wrote a basic survey and

a classified bibliography; Sobel /74/, Stidham Jr.- Prabhu /74/, Teghem Jr. /82/

presented others surveys; recently, some sections of Heyman-Sobel's book /82,84/,

were devotedto this subject; a forthcoming invited review must soon be published

in the European journal of 0.R. (Teghem Jr. /85/).

According to the classification introduced by Crabill et al., we can distinguish

four main categories of dynamic control models for a queueing system :

I. Control of the number of servers. The servers are removable : they may been

turned on or off in function of the state of the system; the varying number of

active servers must be determined.

Il. Control of the service rate. This category often generalizes the first :

the difference is rather than modifying the number of servers, the service

process can be changed by varying the service rate.

III. Control of the admission of customers. In these problems, either the

arrival rate can be modified, either customers can be refused; in some models

the customers control themself the decision to enter into the system.

IV. Control of the queue discipline. Various papers deal with situations where

the order of service can be determined. Generally, these problems concern either

different classes of customers, either the allocation of customers to different

servers.

In this paper, we only treat the first category; it is expected that we present

soon, in this journal, other tutorial papers to cover the whole set of these

models.
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INTRODUCTION

The two first queueing models with a variable number of servers

appearing in the literature are those of Romani /57/ and Moder-Philipps Jr. /62/;

nevertheless, these papers are descriptive and no cost functions are introduced,

a fortiori no optimization problems are setted. So we can consider that the

real study of this type of problems begins with the paper of Yadin-Naor /63/.

The classical cost Structure related to a removable server consists in three

types of cost :

+ T, a non negative cost per unit time when the server is on, i.e. in activity;

r,(r,) a non negative cost per unit time when the server is off, i.e. has

decided to not be in activity; let us note r=r,-r
a

. R, Ry) a non negative fixed set-up (shut down) cost, incurred each time

 

the server is turning on (off); let us note R=R, +R, the total switching cost

- ha holding cost, or customer waiting cost, per unit time and per customer

present in the system.

The problem consists to determine the optimal operating policies for

the removable servers, i.e. to decide when open or close the service channels.

It is clear that

. too long keeping a server on involves a too high running cost

. too long keeping a server off involves a too high holding cost

. too much times changing the state of the servers involves too high switching

cost.

Thus the optimal policy must correspond to an equilibrium between these three

situations.

The review points, i.e. the points at which the state of the server

can be changed, are

(i) the arrival epochs : the server may be turned on

(ii) the service completion epochs : the server may be turned off.

Note : the hypothesis (ii) can be restrictive : see Heyman /68/, p.369.

The problem is a semi markovian decision process (SMDP) and the two

classical criteria for SMDP, with infinite horizon time, can be introduced :

either the discounted total cost, with a continuous discount factor 8<1, either
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the average cost per unit time. The theory of SMDP can be used to prove the

existence of a non randomized stationary policy for this problem (see the

books "Markovian decision processes" of Mine-Osaki (Elsevier 1970), "Dynamic

programming" of Denardo (Prentice Hall 1982), but a special attention must

be pointed out to the problem of unbounded costs (see Bell /71/, Lippman /73/,

Stidham-Prabhu /74/).

I. A SINGLE REMOVABLE SERVER
 

Generally, the authors consider the problem in an M/G/1/L queue

. L the maximum number of customers present in the system; in the most part

of the studies L will be infinite

. customers arrive according a Poisson process, \ the mean arrival rate

. the service times are independant identically distributed random variable

with distribution function B(.), finite expectation E(S) and finite variance.
~

We denote B(.) the LST of B(.) and p=\.E(S); we suppose p<1 if L==.

1.A. N-Policy

The most part of the studies characterize the state of the system by

the number of customers present and the server applies a N-policy : the state

of the server, on or off, will be fixed in function of the number of customers.

As preliminaries, let us introduce a particular subset of policies, playing a

major part in the following.

Definitions

. A (v,N) policy, with OSv<N<L+1, consists to turn the server on when N customers

are present and turn it off when a service terminates with v customers left in

the system.

. The policy (0,L+1) (or(0,#) if L=~) consists to always close the station.

. The policy (0,0) consists to always open the station.

Let us suppose that the server applies a (v,N) policy. The different steady

states of the system are

- (i,0), with vsi<N : the server is off and there are i customers in the queue

- (i,1), with v+1Si<L+1 : the server is on and there are i customers in the

system.
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We will note

SH (v,N) the steady-state probability that the system is in state (i,k)Pik iy

. py (v,N) the steady-state probability that there are i customers in the system

N-1
: pg (v8) = PyON) the stationary probability that the server is off

, isv

L .. Nj@N) the mean number of customers present in the system

. aX (nN) the mean busy period, i.e. a time interval beginning when the station

is set up and terminating when for the first time thereafter, the number of
customers in the system is equal to v.

x ny) the mean number per unit time of busy cycles, composed of a successive

busy period and idle period (i.e. a time interval during which the server is

off).

Note We shall omit the indice L when L=°

Yadin-Naor /63/ have the first introduced the (0,N) policies in an

infinite capacity, proving in particular that

j N-1N,(O,N) = N.(0,0) + —- (1)

P 9 (0,N) = I-p (2)

and Teghem Jr. /76/ has established a further relation between policies (0,N)

and (0,0)
i1 A

p;(0,N) = 5 = p; (0,0) i<n
j=

(3)
, 1

p,(0,N) =F PA pj_; (0,0) i2N

Loris-Teghem /82/ considered the case of a (v,N) policy for a finite capacity

and obtained, using some results of the theory of regenerative process, that
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1L FF
P:,,N) = ————— vsisN-1

i0 n-v+rah(y 3N)

itt-v

PyaN) = s__0,0)

-E(8)_

v+1SisNe1
‘ E(S) (N-v+aa “(v,N))

iW i )
Py) = #GN)-o Nsi<L
* E(S) (N-v+i\0/(v,N))

L (N-v)E(S)- (1-9) 0" (VN)
Pp (Ye)=

£(S) (N-v+aak (y »N))

a = . . I-V
As the mean idle period is obviously equal to cali we have by an elementary

renewal argument

(v,N)L 1 Ap.or’?
Ob) =Oo (5)

5 ne + aX (v,N) ny
n,

1. The average case for M/G/1/L

For this criterion, the optimal stationnary policy is independant of

the starting state

a)_L=©

Heyman /68/ proves the next property.

Property 1 The optimal policy is either a policy (0,N) with 1<N<», either

the policy (0,0)

If C(N) denotes the average cost when the server applies a (0,N) policy,

we have for 1SN<@.

c(N)=r (0,N)+ry(1-p_9(0,N)) + R.n, (0,N)+h.N(0,N)P06
and using (1), (2) and (5).

+ niw,(0,0) + 4,RA(1-p)
N 2C(N)=r, + ry(1-p) +
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For policy (0,0) we have

c(0) =r, +h Nn, (0,0)
2

As C(N) is a convex function of N, Heyman /68/ concludes that the optimal

value of N is either N=0, either one of the two integers surrounding the

 

value

220Kj2R(-9) (6)

Remarks

(i) Three papers investigated this problem in the more general GI/G/1

queue. Sobel /69/ obtains sufficient conditions on more general cost

structure for the existence of an optimal (v,N) policy; Heyman-Marshall

/68/ give bounds on the cost function and the optimal policy in the

case of interrarrival distribution with increasing rate. Applying a

method of diffusion approximation, Kimura-Ohno-Mine /80/ characterize

the average cost rate and give some sufficient conditions under which

the optimal operating policy falls into specific forms.

(ii) Talman /79/ gives another proof of the optimality of a (0,N) nolicy.

(iii) Yadin-Naor /63/ have also introduced the notion of set-up time, i.e.

a random interval ellapsed before the service station is really

reactived when such a decision is taken. For an M/M/1 queue, Baker /73/

analyses the consequences of an exponential set-up time on the value N*.

B) L<@

Hersh-Brosh /80/ and Teghem Jr. /84/ have investigated the case L<«;

in their model with limited capacity, the holding cost h is replaced by a

penalty cost c, incurred for every lost customer. When L<», it is not more
L

true that the policy (0, L+1) is never optimal. Using (4) and (5), Teghem Jr. /84/

extends and generalizes the results of Hersh-Brosh /80/ proving the next property :
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Property 2

 

Consider the plane (r = = x R= oh) s it is divided in
c c
L L

(L+2) regions corresponding to the optimality of policy (0,N),

N=0,...,L+1, as showed in figure 1
pl

   x(0,1)

Figure 1 E(S)

Moreover the equations of the frontiers of each region are explicited;

they are also determined by the points of coordinates (ry> RY) with
L-N

1 +A a (0,0)

2.gy
1 +a’ (0,0)

N-1

= 2 Gyr
Ry j=0 Nj

Remarks

(i) The interaction between the optimal operating rule of a removable

server in a finite capacity M/M/1 queue and the optimal behaviour of

customers are simultaneously analysed in Teghem Jr. /77/

(ii) Bidhi Singh /82/ study a M/M/1/L queue, wherein, when the queue length

increases to N(O<N<L), a search for an additional service facility

for the service of a group of units is started; the availability time

of this additional service facility is a random variable, but the

search is dropped when the queue length reduces to some tolerable size v.

The optimal (v,N) policy is investigated for a cost structure (with R=0)

for this additional removable server.
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2. The discounted case for M/G/1

For this criterion, the optimal stationary operating policy depends on

the initial starting state; for easyness, let us suppose that this starting

state is (0,0).

Heyman /68/ and Bell /71/ obtain the property

Property 3 The optimal policy is

either a policy (0,N),

server on at the first time when N customers

and never off again.

Let us note C,(N) and Ce (N) the
8

for policies (0,N) and (0,N).

BA
5

£

ea
8B

Ca (#) =

either a policy (0,N), with OsNs@,

with 1<N<~,consisting to turn the

are present

total discounted case, respectively

It is easy to determine

but the determination of C,(N) and C,(N) is more difficult. Heyman /68/ and

Bell /71/ obtain

c,(N) =

4 v9R, AY + OA + = Ayre)Cy (N)

where

. XK. isN the LST of the distribution of

Ay

the LST of the distribution of

A_\N
= oP for N21

& = Ge) for wet

with eg) determined by the implicit

&g) = B(pta-rd(e))

r i =
(, Ky + hank+ 2 Rya-Bp +R, Ay ey + nan G-K, Bp"

+ HCN)

an idle period

a busy period, determined by

and & = bce)

equation

q@)

. H(N) and H(N) are the terms corresponding to the holding costs.
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Unfortunately, the expression of H(N) and H(N) are more complicated

(see Bell /71/ p.210 and appendix) and, like €(8) ,given by (7), almost

impossible to calculate explicitely. Thus in practice, it is quite difficult

to determine the optimal operating policy by the algorithm provided by Bell /71/.

In order to deal with this difficulty, Kimura /81/ considers a diffusion

approximation model depending only on the first two moments of the distribution

function B(.)and derives approximation formula for C,(N) and Cg (N).

Remarks

(i) Blackburn /72/considers the same model, but with balking and two

different types of reneging (single and batch reneging); for this

case of impatient customers, he generalizes the results of property 3.

(ii) Langen /76/ gives a different form of the costs Ca (N) and CN) -

3. Finite source M/G/1

a) Jaiswal-Simha /72/ consider a server applying a(0,N) policy in a finite

source queue M/G/1 (i.e. each unit stays in the source for a random time

exponentially distributed with parameter d); let us note I the size of the

source. In this model, which can be interpreted as a repair shop for I

machines, the holding cost h is replaced by a reward g per unit time for

each running machine, thus for each customer not present in the queueing

system. These authors treat discounted, as well as undiscounted criterion;

we give here, for instance, the average case.

Let P(N) be the total expected profit per unit time when the server applies

a (0,N) policy; with an evident extension of notation, it is described by

P(N) = g(I-N.(0,N)) - Ren, (0,N) - £yP_g(0N) - ry (1-P_Q(0,N))

when, for this finite source model, these authors obtain

— _ 1 =
N.(0,N) = I - xECsy “| P 9 (05N))

Pg (0.N)
N-1 1
z =

j=0 =j)A

with a specific value of p 9 (9>N) (see formula 22, p.701, Jaiswal-Simha /72/).

1, (0,N) =

Some numerical examples are treated for the determination of the optimal value

of N.
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8) We will introduce in this section a quiet different but interesting model

concerning a simple closed queueing network. Hatoyama /77/ considers a

discrete time maintenance system with I machines and two stations : an

operating and a repair facility. The model is illustrated in figure 2 :

 

 

Operating facility
s=0,1,...,8
 }——* queue <

   
  

———
I-i machines Figure 2

i machines
on=

~_ queue »——| Repair facility
a k=0,1

 

   
  

   

. Operating station : at the beginning of each period, an operating machine

is classified as being in one of S+1 states (s=0,...,S), showing the degree

of deterioration (0 : best state; S : failed state). An operating machine

evolves from state s to state s' in one period , according to a transition

probability Pygt An operating machine can be sent to the repair shop at

any period and is then instantly replaced by a spare unit, if any available.

. Repair station : a machine sent to the repair shop must wait until all the

machines which have already arrived at the repair shop are completely

repaired; moreover, at the beginning of each period, the decision maker

has the option of opening or closing the repair shop. When the repair station

is open and there are i machines, Gy is the probability that j of these

machines are still in the repair system at the end of the period.

At the beginning of a period, the state of the system is thus described

by (i,k; s) with

- i: the number of machines at the repair shop (i=0,...,1)

- k : equal to zero (one) if the repair shop is closed (open)

- s : the state of the machine at the operating station (when i<I).

This author associates with this system the following costs :

. Repair station : fixed switching costs R, and Ros running cost r, per period;
1

a general holding cost H(i,k) per period, depending of the state of the

station.
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+ Operating station : an operating cost a(s) per period for a machine in

state s; a reparing fixed cost c(s) for a machine in state s; a penalty

cost P per period when no operating machine is available.

Hatoyama /77/ derives sufficient conditions on this structure cost

for the existence of an optimal two dimensional control-Limit policy : a

control limit policy

- with respect to operating station 3N.Gb) x) Si ny > VSS ky EE) ae

optimal to leave the operating machine and otherwise to repair it

- with respect to repair station :Y¥(s,k), 4 Tek) rWicl(, it is optimal

to close the repair shop and otherwise to open it.

4. Several classes of customers

a) For the average case, Bell /73/ studies the optimal behaviour of a

removable server in an M/G/1 priority queue, with two types of customers

(k=1,2) having identical service time distribution, but characterized by

different arrival rates MK and holding costs hy Customers of class 1 have

non preemptive priority over customers of class 2 and h,2h,.

Bell /73/ proves the property 4.

Property 4 The optimal policy is either a policy (O,NG,, i,)) consisting

of turning the server off when the system is empty and turning

the server on when i, or ips the number of customers of each

class, reaches or crosses a linear boundary of the form

Cy i, + cy i, + d= 0; either the policy (0,0).

This author establishes that the line cy i, + Cy i,

like in figure 3, between the two lines i, + iy = N,(k=1,2) corresponding to

+ d= 0 is included,

the cases of a same holding cost h for each customer, respectively equal to

h, and hy; moreover its slope is always smaller than -1 and equal to -1 only

when hy=hy-

Figure 3

i, +i,=N
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Let us note that Tijms /74/ extends these results to the case of

different service time distributions for each type of customers and derives,

using some results of the theory of regenerative process, expression for the

average number of customers, of each class, present in the system.

8; In his Ph.D.Ghorayeb /78/ considers the same type of model but without any

assumption concerning the priority and with switching costs, also to move the

server from one class to the other. The operating policy must then determine

not only when to open or to close the station, but also which class of

customers to serve and when to change to the other class. This general problem

seems really difficult and the author introduces some limitative assumptions :

the main one is that there are no arrivals of class 2 when the server is busy.

Ghorayeb /78/ proves property 5.

Property 5 There exists an optimal policy represented by figure 4 in the

plane Gy) i,) and such that :

. in area I : if the server is off or on, he remains off or on

. im area Il : if the server is off, he is turned on and he

begins to serve first the customers of class 1

- in area A if the server is on, he continues to serve the

same type of customer

. in area B if the server is on, he always serves customers

of class 1.

 

Figure 4  we

1.B. D-Pokicy

Balachandran /73/ has the first introduce the model in which the state

of the system is the workload i.e. the total amount of work in the system.

The idea is that the customer's service times are different even though they
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may come from the same distribution; yet this type of measure means that

service times must be known immediately, after the customer enters the queue.

A(O,D) policy consists then to turn on the server when the total work to be

done reaches the value D and turn him off when the system is empty. For the

average cost criterion, this author analyses the (0,D) policies for a similar

cost structure as in I.A., except that rj=rj=0 and h is now a holding cost

per unit time per unit work. If C(D) represents the average cost, we have

like in I.A., and with an evident extension of notations,

c(D) = Rn, (0,D) + h W(O,D)

where W(0,D) is the expected work in the system.

Balachandran-Tijms /75/ and Tijms /76/ obtain

D E(M)

w(0,d) = w(0,0) #D- ff —* ax
o BOM)

where M, represents the number of customers present at the opening of the

station if a (0,x) policy is applied and W(0,0) is the average waiting time

inan M/G/1 system with policy (0,0); these authors derive D* the value corres-

ponding to the minimum of C(D)

oes J” way) ax = RAG=0)
6 x h

For the cost C(D), the policy (0,D*) is compared with the policy (0,N*).

For a constant service time, the two policies are obviously equivalent.

Boxma /76/ generalizes results of Balachandran-Tijms and proves the optimality

of the D policy over the N policy. Note that Tijms /77/ gives an expression

of the stationary distribution of the workload, when a policy (0,D) or a

policy (0,N) is applied.

1.C. T-Policy

1, FIFO discipline

Levy-Yechiali /75/ consider an M/G/1 queue, with usual FIFO discipline

U3.



("First in first out"), such that when the server finishes serving a unit and

finds the system empty, he goes away for a length of time called a vacation.

At the end of the vacation, the server returns to the main system and begins

to serve if they are customers. If the server finds the system empty at the

end of a vacation, two models are introduced :

Model _1 : the server waits for the first customer to arrive and then an

ordinary busy period begins

Model_2 : the server immediately takes another vacation and continues in this

manner until he finds at least one waiting unit upon return from a

vacation.

As usual, the server serves the queue as long there is at least one unit in

the system.

F(.) denotes the distribution function of the random vacation T, with finite

mean E(T) and second moment R(T’). The same cost structure than in section

I.A. is introduced, except that Tr) <ty and in fact rer)-r70 represents the

reward per unit time of the server for the work done during the vacation.

By evident extension of notation, the average profit per unit time for

models j=l, 2 respectively, is equal to

PD ay =r (0,7) = rn (0,7) nn (C,0)

Let we note

ECT oe7 = HHECT with fp= Le tar(t)

Levy-Yechiali /75/ obtain

ph) (0,7) = vp(0,7) with p(0,0) = I-p

a) _y ) eth nl?) _ Urfg) Oe)ny, (0,T) =F - my (0,T) with a (0,T) = Twa

0nO? (0,7) = N, (0,0) ven? (0,7) ~ N,(0,0))

dE (T2)
2E(T)

(-p) £5

E(T)

. Q)
with No (0,7) - N, (0,0) =

so that Po,1) = yr(0,7) - B )

These authors conclude that, for a fixed distribution F(.), model 2 is superior
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to model 1 if and only if

2:P) (0,1) > - AC-p)R;
they also determine the expressions of anoptimal value of T (his expected

value) for deterministic (exponential) vacation times.

Note As p. (0,T) is independant of T, there is no need to introduce the cost

xr in model 2.

Heyman /77/ examines model 2; when the server finds the system empty at

the end of a vacation, he considers that a busy period of length zero occurs

and that the cost R is thus incurred; in that case we have

(2) = 252ny, (0,7) = wD

and for deterministic vacation times, the optimal value of T is

/ZRU=oy _
Ah TAR

 

Ts =

This author compares the average cost for this optimal T policy and the optimal

N policy and proves that the latter always does better than the former.

Remarks

(i)

|

Meilijson-Yechiali /77/ consider a priority control model in a GI/G/1

queue, in which insertion of idle time is allowed.

(ii) Van der duyn Schouten /78/ introduces a descriptive model with stochastic

vacation time and a finite capacity for the workload and derives several

characteristics : the joint stationary distribution of the workload and

the stage of the server; the average number of overflows per unit time

and the average number of vacations per unit time.

(iii) Note that some queueing problems in which the service station is subject

to breakdown are close of the removable server model.

2. SPT discipline

a) Three papers have been more recently published by Shanthikumar /80°,80°,81/;

note that his results can be applied as well to N-policy that to T-policy, but
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we only present the latter. In the first paper, the author develops a new

and interesting method to analyze some controlled M/G/1 queueing problems,
using properties of the number of up and downcrossings levels in a special

case of regenerative process. He obtains two important basic relations

between the density and the expected number of upcrossings of this regenera-

tive process (see formula 8 and 9, p.817, Stanthikumar /80°/) ; these equations
can be used in many queueing systems,especially with exponential arrivals.

For instance, Stanthikumar /80°/ uses this method to easily derive the results

of Levy-Yechiali /75/ concerning the virtual waiting time distribution for
T-policy.

8) By this method, Shanthikumar /80°/ analyses optimal T-policy (model 2) of

a server in an M/G/1 queue with shortest processing time (SPT) discipline :
at the service completion epochs, the server choosesto serve the customer

with the shortest service time. For this model, let us note W(SPT; T) the

expected waiting time of an arbitrary customer; W(FIFO; T) may be determined

by relation (8) and Little formula.

Shanthikumar /80°/ determines the LST of the waiting time distribution; then

he obtains W(SPT; T) and proves the next conservation identity :

W(FIFO;T) _ W(FIFO;0)
W(SPT; 1) ~ WCSPT;0) vr (10)

In the case of deterministic vacation time, he derives the optimal value of T

TX(SPT) = TX(FIFO) . VE ay

where T*(FIFO) is given by (9) and E is the value of identity (10).

y) Shanthikumar /81/ applies the same procedure for a different, but quite

close, queueing discipline, called SPT within generations.

(SPT-WG) : the customers that arrive during the vacation form the first

generation and their total service time is the lifetime of the generation;

customers arriving during the lifetime of the first generation, if any,

make up the second generation, with its lifetime, and so on; within each

generation, customers are served in the order of the SPT discipline.

This author obtains similar results as (10) and (11), i.e. with obvious

extension of notation
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W(FIFO;T) _ _W(FIFO;0)
Spee OEea ’

W(SPT-WC;T) W(SPT-WG;0) ® va

and

T*(SPT-WG) = T*(FIFO) . VE"

TI. MULTI REMOVABLE SERVERS

The problem of more than one removable server is only investigated in

a few studies. A basic difference is that when the unique server is turned

off, the queue size necessarily must increase, but when one of several servers

is turned off, the queue size may go up and down. Mc Gill /69/ was the first

to examine this problem and established some intuitive properties for the

form of optimal policies, in the case of a general discounted cost GI/G/1

queueing system, but only for a finite horizon. Bell /75/ considers this

problem for an infinite horizon M/M/S model; a classical cost structure is

considered and fixed switching costs are incurred to turn each server on or

off. The state of the system is now denoted (i,k) when there are i customers

and k servers working. This author calls efficient policy, an operating rule

which never allows more working servers that customers present; otherwise the

policy will be called inefficient. He proves that for r sufficiently high

and all others parameters fixed, there exists an efficient policy; otherwise

an optimal policy may turn one or more servers off, even when there are

customers for him to serve, i.e. may be inefficient. Bell /80/ further inves-

tigates this model for S=2 and first shows that a critical number N exists such

that all the servers should be turned on or left on in any state (i,k) with

iN. Generalizing (v,N) policies of section I, he definies a (¥) V9sNy Ny)

policy for which the 4 critical levels denote numbers of customers in the

system when the number of working servers should be adjusted downward to 0,1

and upward to 1,2 respectively. For R=0, obviously an optimal policy adjusts

the number of working servers to min {i,k}, i.e. V,=0, Vo=Ny=1, No=22 =?

If R is allowed to increase from 0, he obtains the following property.

Property 6 The best efficient policies is such that vy =0, I<vy

Yet, if an inefficient policy is optimal, it may be of

three types
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- leave both servers on at all times (v=Vy=Ny =N5=0)

- leave at least one server at all times (vy) =N,=0)

- decrease the number of servers only in state (0,2) and

turn off both servers (y= 0).

 

Remarks

(i) Magazine /69/ and Huang - Brumelle - Sawaki -Vertinsky /77/ consider

control models under periodic reviews, i.e. the review points are at

equally spaced time intervals.

(ii) Levy-Yechiali /76/ consider T-policies in an M/M/S queueing system and

derives formula for the distribution of the number of busy servers and

the mean number of units in system.

(iii) Winston /78/ examines several removable servers in an exponential

queueing system in which the arrival rate depends on the number of

customers. For state (i,k), a general holding cost h(i) and a

running cost r(k) are introduced, but no switching costs. This author

derives conditions that ensure the optimality of monotone policies

such that the number of working servers is a non decreasing function

of the number of customers in the system.

III. BATCH SERVICE AND RELATED AEREAS
 

III.A. Batch service
 

An interesting problem concerns a removable server who can make a deci-

sion to serve any number of customers in a batch, up to some batch size limit

1sQs*. For this model, Deb /76/ introduces the following cost structure :

. T)sTo>Ry Ry like before

+ h(i) : a general non linear cost for holding i customers during a unit

time

+ c.y a linear cost for serving y customers (we have y=min(i,Q)).

The approach of this author is different in the sense that he establishes the

form of an optimal policy by direct analysis of the infinite horizon
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functional equation of SMDP.

Let us introduce relations (11) and (12) respectively for the discounted and

average criterion :

 

for some n>0, hG@) = hae}: > 7 a2)
v

ni) ~ hG-1) > EEO geisey + en (13)
B(B)Q B(B)

Property 7 [ a) If (12) and (13) hold, respectively for the two criteria,

there exists an optimal policy of the form (v,N)

b) Otherwise the policy (0,~) of turning the server off for

ever is optimal.

Remark

In the particular case R)=R,=0, Deb-Serfozo /72/ proves that for property

7.a), we have v=N-1, i.e. there exists an optimal policy of the type control

limit policy. For this case and moreover with Q=~, Weiss /79,81/ presents

some properties of the cost-function, gives an algorithm for finding the
optimal control limit and determines the waiting time distribution.

Finally, let us note that Weiss-Pliska /82/ introduce a general holding cost

h.G@) depending of time and show that control limit policies may cease to

become optimal.

III.B. Control of a shuttle

Batch service queueing systems are often found in transportation,

since mass transit vehicles are natural batch servers; so a related applica-

tion of model described in III.A. is the optimal dispatching of a shuttle.

Let be a shuttle system consisting of a single carrier with capacity Q,

transporting passengers between two terminals. At each terminal, passengers

arrive according to independant Poisson processes Qj) 5A9) and all arriving

Passengers wait to be transported to other terminals where they exit the

system; B(.) is here the distribution of the interterminal travel times,
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independant of everything and in particular of the load carrier. The system

is reviewed at those points in time when, either the carrier has just

arrived at one of the terminals or when the carrier is waiting at one of the

terminals and a new passenger arrives. The state of the system is denoted

by (ig»4,.5)5 where i are the number of passengers at the two terminals
ot

and 6, equal to zero or one, indicates at which terminal, 0 or 1, is the

carrier. At each review point, it is necessary to decide if the carrier is

dispatched (with min(is,Q) customers) or not. The cost of carrying y

passengers is R + c.y and there is a linear holding cost h.

1. Control at both terminals

Some particular cases have been first considered. Ignall-Kolesar /72/

study the case Q=] and moreover the dispatch decision is made without

knowledge of the queue at other terminal; the paper of Barnett /73/ concerns

deterministic travel times with some restrictions on the values aT and do:

Barnett-Kleitman /78/ show that the result for the control at a single

terminal (see below) is not directly generalized for control at both terminals.

The general model is introduced by Deb /78/. In a first time, he considers

the finite horizon period n and extends then the results for n> ; for the

discounted criterion, he proves the following property.

Property 8 a) If n<Blerp)s then the policy of never dispatching the server

is optimal

b) Otherwise, the optimal control policy is of the form :

Dispatch the carrier iff is2Gs(ij_5)> where Ge.) isa

monotone decreasing control function.

Unfortunately, the explicit determination of the function Gs(.) seems an

unsolved problem.

2. Control at one terminal

Ignall-Kolesar /74/ examine the particular problem of the control at
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a single terminal - said zero ~ and for an infinite capacity shuttle with

deterministic travel times. Thev prove the following property :

Property 9 There exists an optimal control limit policy of the form :

Dispatch the carrier iff ig +i)

Weiss /81/ presei..c a method for computing the control limit N, compares

2N.

this policy with the more traditional policy of scheduled periodic service

and last, proves a conjecture of Ignall-Kolesar /74/ regarding the case when

the dispatcher does not know the number of passengers at terminal 1 : there

exists an optimal control policy concerning ig plus the expected number of

passengers at terminal 1.

Remarks

(i): Osuna-Newell /72/ and Asgharzadeh-Newell /78/ consider a particular

model of multiple vehicle system.

(ii) Teghem Jr. /82/ consider a double shuttle system, like a ropeway,

transporting passengers simultaneously from one terminal to the

other in the two opposite directions.

TI1.C. Chearing systems

Stochastic clearing systems are first analysed by Stidham Jr. /74/

and optimized by the same author in 77.

The cumulative input to such a system is described by a non decreasing

stochastic process {¥(t), t20}, with Y(0)=0; output occurs intermittently in

the form of clearing operations, which instantaneously remove all the

quantity in the system. This author considers that clearing occurs whenever

the cumulative input since the last clearing instant exceeds a critical

level q. Let us introduce some definitions and notations.

# F sf J 2 th c* Xi time until first clearing; xX time between (n-1) and nee clearings

(n> 1)
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» R(t) = max{n|S_ < t} , the number of clearings in [0,t]

- V(t) = X(t) - Y(Sp (py) » the net quantity in the system

- T(y) = inf {t]y(t)>y} , the first entrance time into the set (y,~)

+ Wy) = E(T(y)), the sojourn measure of the set [0,y].

With

Assumption1 {V(t),t20} is a regenerative process with respect to the

renewal sequence Xx» nl.

Stidham Jr. /74/ obtains the stationary distribution of {V(t),t20}

it is completely defined by knowledge of W(y), Vy<q and is different that the

stationary distribution uniform between O and q.

Stidham Jr. /77/ introduces the following costs

a positive cost R - independant of q - whenever a clearing takes place

+ a general holding cost h(x) 2 0, incurred while V(t)=x

 

 

and

h is continuous and - h is unimodal with mode Xo

€(-~,©), Let we note h'(x) = h(xo*®)

The average cost C(q) is given by

R+ LT hi Oex,) awe)
C(q) =

W(q)

and this author proves.

Property 10 Let abe a solution to the equation Z° W(x) dh! (x-x0) = R (14)

Then q minimizes C(q) among all q>0, _ that caso

(If there is no solution to (14), then q=”) .

Rather than "N-policy", Nishimura /79/ considers T-policy in this model.

He first obtains an optimal clearing interval t among the set of non negative

random variables with finite mean (see theorem 3.3., p.101, Nishimura /79/)
and then proves that if h(x) is continuous and monotone non decreasing in

~,
x20, then ve T(q).
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These two authors Stidham Jr. /77/ and Nishimura /79/ generalize

their results to a general clearing system in which the effect of a

clearing operation is that the quantity in the system is restored to a

level v rather than 0.

Last, let us note that Whitt /81/ further investigates the compa-

rison between the stationary distribution of V(t) and the uniform distri-

bution and Stidham-Serfozo /78/ introduce more general clearing systems in

which, in particular, the quantities cleared are random variables.

CONCLUSTON

We have here examine some ot the principal papers related to remo-

vable servers; yet we have of course no claim to be exhaustive. It is

important to remark that there is no major difficulty to classify in

categories the different papers because, unfortunately, very few studies

consider the optimization of more than one parameter. It seems us important

in the future to analyze the interactions between several different optimi-

zation problems. We invite the reader, interested by further comments on the

prospects of the field of optimal control queueing problems, to refer to the

forthcoming paper of Teghem Jr. /85/.

To conclude, we want to turn the attention of the reader on the

possibility to determine an optimal policy of very complex optimal control

problems - for which it can not be expected that the optimal policy has

simple form - by using numerical algorithms issued of the SMDP theory.

A good example of this technic is given by the paper of K.Ohno-K.Ichiki /84/

("An optimal control problem of a C-stage tandem queueing system" Technical

report—Department 01 susvimaciuu prucessing auu Management Sciences, Faculty

of Science, Konan University, Kobe, Japan). It is important to not forget

this type of approach to resolve complex practical problems.
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